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“The illustrated guide to a Ph.D.” by Matt Might 3
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Imagine a circle that contains all of human knowledge:

“The illustrated guide to a Ph.D.” by Matt Might 4



ETA?

By the time you finish elementary school, you know a little:

“The illustrated guide to a Ph.D.” by Matt Might



ETA?

By the time you finish high school, you know a bit more:

“The illustrated guide to a Ph.D.” by Matt Might 6



Ta?

With a bachelor's degree, you gain a specialty:

“The illustrated guide to a Ph.D.” by Matt Might 7



A master's degree deepens that specialty:

“The illustrated guide to a Ph.D.” by Matt Might S
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Reading research papers takes you to the edge of human knowledge:

“The illustrated guide to a Ph.D.” by Matt Might 9



Once you're at the boundary, you focus:

“The illustrated guide to a Ph.D.” by Matt Might 10



Y ou push at the boundary:

“The illustrated guide to a Ph.D.” by Matt Might 11



Until one day, the boundary gives way:
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one can se Lparale the sum into two terms: the first term in-
volves /" (), and the second term corresponds to the
derivative at W,_, which is given by I, ® (FL_1F[_,).

Since both terms are positive semidefinite, one obtains

Auin (K) > Mmin (FL-1F[_y) - (&)
Key of training
From here, in order to obtain a PL-like inequality, it suffices
to bound the RHS of (3) at initialization and keep track of
Fy,.., during training. This can be done efficiently without
studying the changes of activation patterns. Let us highlight
that um is different from most oﬁhc prior works, whcrc |.hc

umismw bﬁggx A uéa' st
it constrai
: sf!ﬁﬁ i dym sedatssord) bine T

study other “smoothness” properties of the loss (local Lip-
schitz property of the gradient, or that of the Jacobian of
the network), which again requires bounds on the various

quantities related to the changes of the activation patterns at

different layers, and thus make their proofs more involyed.

In this work, we present an alternative proof framework,
which does not require any analysis of the activation pat-
rn changes. It consists of two key steps mention= above:

rain workdloy) bounding Ausin (Fy—1 F.) at initialization,_d (b)

loss of each iteration with that of the previous one. That
means, an explicit analysis of the “smoothness” of the loss
is not needed. Lastly, we show that our proof leads to im-
proved bounds on layer widths in terms of the dependency
onN.

Main Contributions. First, we provide some easy-to-
check sufficient conditions on the initialization under
which GD is guaranteed to converge to a global optimum.
over-paramﬂm“ show that all lh!:sc conditions are satisfied when
he widt 1 en, 1 X,
training samg]es (all the remaining layers can have con-
stant widths). For LeCun’s initialization, we show that
these conditions are satisfied (and consequently, GD finds
a global optimum) if the last hidden layer has quadratic
width in case of two-layer networks, or cubic width in case
of deep architectures. Although results with similar orders
of over-parameterization have been recently obtained for
deep nets with smooth activation functions (Huang & Yau,
2020; Nguyen & Mondelli, 2020), this is the first time, to
the best of our knowledge, that such a result is proved for
deep ReLU models.

2. Main Result
The GD updates are given by: 0.1 = 0 — nVP(0y).

Define the shorthand F}* = Fy(6)). We omit the argument
6 and write just F; when it is clear from the context.

ounding the changes of Fr, ining. 10 show
e TOnvVergence, we tnroduce a small trick to relate the

On the Proof of Global Convergence of Gradient Descent for Deep RelLU Networks with Linear Widths

Let us first state some useful inequalities (see Lemma B.2
of (Nguyen & Mondelli, 2020)). There, the proof mainly
uses the triangle inequality, and the Lip. property of ReLU.

Lemma 2.1 For every 0 = (W,)5_, andl € (L), it holds
gradient upper bound, One or L-1?
we need lower bound by objective

IVw @l < I1X1e [T umum
need explicit derivative of fteLU

Furthermore, le(0, = (Wg)E
max(|Well, | W= 7or so e

everyl € [L] we have
semi lip continuous of objective
| Ei(6a) — Fi(0s)ll 2
=Wl ~®
—_——————
proof? how to get this per-layer RHS?
Our main theorem is the following.

p=1

<Ix @ >3

Theorem 22 Con_wder a deej ReLU networ, vhere

the @id AQ: How to use
(G y Seqi : s—Drefine thahis condition?
following qua 5 A : Represent

eigenvalue

mn req}lj(e,a data-related initialization strategy 4 with singular

a0 L), X = WPl + iy Koy = [ . value.
— 1=
singular value ©6)

Assume that the following conditions are satisfied at the
initialization:  njtialization require data property

Al
naxiez| }7 LV2d(0) ()
L Z & 37 ‘\/WT.,) ®

s R
Aiz —*—;—;ff‘ ©
i

af >

\%

Q; Ieamlng rate lhould be tuned by data??
8
(e 2] )

Then the loss converges to a global minimum as
a2\*
B(0x) < (17,,?“) (0o), (11

&

for every k > 0.

—_
R

-+d

HVpaper, %EMLP

On the Proof of Global C of Gradient Descent for Deep RelLU Networks with Linear Widths

us define the matrix G = Ff_,Wf™*!. Then, one has
split perfect square
28(6y41) , loss-related

a2 =200 + || FEY = FEG 4 2te(FE - B - Y)Tm:::ghe

Proof: We show by induction for every k > 0 that
IN parameters are bound

€[L],r €0k,

PP T on of this
+2tr(G — FA)(FE - Y)T. bound is
NN

Let us bound each term individually. Using (4)-(5), we

have
L
|EEY = FE]|p < 10X p Aaosn 3047 W = W,

) GD formulation g =
X XIEN LD
1=

Qu

Clearly, (12) holds for k = (. Assume that (12) holds up to

\\/ only for ReLU .

[[wit =W < ZII

structure-
related.

—nZHVw,M)u 2|FE v,

Furthermore, we have it — G = (Ff 71— FF_ Wi,
and thus it holds

£ 2\ #/2
SU\IXHFW (=) I -y,

per b bound of trace
= ¥)"

up|
w(FF - G)(Ff -

< gt - FE e W“" Eﬁf,,

where the 2nd inequality follows from (4), and the last
one_follows from induction assumption. Let u =
V- rpuufﬂ The RHS of the previous expression is

Lastly, by usmg the dennlllun. of G and the fact that

Vi, (0) = (FE_))T(Ff = Y), we get

this is archnecuire r(i\ateﬂ
tr(G —

< 1_3 X1y My since u € (0,1) o import GD definition to represent W"k+1
o

<G, by(D. = —nte((Ff 1) (F,. ~Y)(Ff -Y)TFf )

R e
If row not full rankd this equall ('/- is not strong as wel
a3 where we used our assumption n;,_, > N to obtain
Anin (FF_ ¥ FF ) = i (Ff 1) s xnd the induc-

Tom assumption implies that oy (FF_;) > Sag. Define

Q1,Q2 as above. Putting all these bounds together, we get

By Weyl’s inequality, this implies
Wi, < W, + €=

Next, we have
definition bf loss

RN
b=l B01) < [1—n"’“+n Q;+’JQ:] (0,)
X pAmrs 3 AW WP, by

‘ g e : < [1 [ “—zoz“‘b(m) By (10)
< 1 X R, S 25 a .
< g7 XU R ,,Lg V280 5[1_ “}w(w By )

1

< 300s by (8). [m}

hat Theorem 2.2 also holds for networks with
This implies that o, (Ff71) > Lag. So far, we have @ses. Furthermore, its statement is meaningful for ap >
proved that the first two mequalmes in (12) hold for k + 1. 0, in which case there exists a 6‘ such lha[ Fy_y has full row
It remains to show that the third one also holds at k+1.Let  rank, and thu retwork ca a a

require the width of last layer is wide enough

re [0,k = 2(6)) + | FEH - FE|| + 2tx(FE™ — G)(FE - ¥)" demonstrati

Aid
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Towards Constituting Mathematical Structures for Learning to Optimize

Jialin Liu"' Xiaohan Chen"' Zhangyang Wang® Wotao Yin' HanQin Cai’

Abstract

Learning to Optimize (L20), a technique that uti-
lizes machine learning to learn an optimization
algorithm automatically from data, has gained
ng attention in recent years. A generic L20
approach parameterizes the iterative update rule
and learns the update direction as a black-box
network. While the generic approach is widely
applicable, the learned model can overfit and may
not generalize well to out-of-distribution test sets.
In this paper, we derive the basic mathematical
ditions that 1 update rules I
satisfy. Consequently, we propose a novel L20
model with a mathemati pired structure that
is broadly applicable and generalized well to out-
of-distribution problems. Numerical simulations
validate our theoretical findings and demonstrate
the superior empirical performance of the pro-
posed L20 model.

1. Introduction

Solving mathematical problems with the help of artificial
intelligence, particularly machine learning techniques, has
gained increasing interest recently (Davies et al., 2021; Char-
ton, 2021; Polu et al., 2022; Drori et al., 2021). Optimization
problems, a type of math problem that finds a point with
minimal objective function value in a given space, can also
be solved with machine learning models (Gregor & LeCun,
2010; Andrychowicz et al., 2016; Chen et al., 2021a; Ben-
gio etal., 2021). Such technique is coined as Learning to
Optimize (120).

As an example, we consider an unconstrained optimization
problem ming.z- F'(z) where F is differentiable. A classic

“Equal contribution ' Alibaba Group (U.S.) Inc, Bellevue, WA,
USA *Department of Electrical and Computer Engineering, Univer-
sity of Texas at Austin, Austin, TX, USA *Department of Statistics
and Data Seience and Department of Computer Science, Univer-
sity of Central Florida, Orlando, FL, USA. Correspondence to:
HanQin Cai <hqcai @ucf.edu>.

Proceedings of the 40" Intemnational Conference on Machine
Learning, Honolulu, Hawaii, USA. PMLR 202, 2023. Copyright
2023 by the author(s).

algorithm to solve this problem is gradient descent:
Tpe1 = T - VF(xg), k=0,1,2,-,

where the estimate of @ is updated in an iterative manner,
ay > 0is a positive scalar named as step size, and the update
direction oV F(xy) is aligned with the gradient of F at
. Instead of the vanilla gradient descent, (Andrychowicz
etal., 2016) proposes to parameterize the update rule into
a learnable model that suggests the update directions by
taking the current estimate and the gradient of F as inputs

Tpi = 2k — Az, VE(2i);9), k=01, K -1, (1)

where ¢ is the learnable parameter that can be trained by
‘minimizing a loss function:

K
minL(g) = B, o 3 P (0], @
k=1

where F is the problem set we concern and {uw; }5 | is a

set of hand-tuned weighting coefficients. Such loss function
aims at finding an update rule of @; such that the objective
values {F'(x)} are as small as possible for all F' € . This
work and its following works (Lv et al., 2017; Wichrowska
etal, 2017, Wu et al., 2018; Metz et al,, 2019; Chen et al.,
2020; Shen et al., 2021; Harrison et al., 2022) show that
modeling d; with a deep neural network and learning a
good update rule from data is doable. To train such models,
they randomly pick some training samples from F and build
estimates of the loss function defined in (2). Such learned
rules are able to generalize to unseen instances from F, i.e.,
the problems similar to the training samples. This method
is quite generic and we can use it as long as we can access
the gradient or subgradient of F. For simplicity, we name
the method in (1) as generic L20.

Generic L.20 is flexible and applicable to a broad class of
problems. However, generalizing the leamed update rules
to out-of-distribution testing problems is quite challenging
and a totally free d. usually leads to overfitting (Metz et al.,
2020; 2022). In this paper, we propose an approach to ex-
plicitly regularize the update rule d.. Our motivation comes
from some common properties that basic optimization algo-
rithms should satisfy. For example, if an iterate 2. reaches
one of the minimizers of the objective F (), the next iterate
@, should be fixed. Such condition is satisfied by many
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1= TR Rk (research taste)BVZRS 7304

Write down a list of research ideas. Have a mentor you respect rate each idea 1-
10. Discuss 1deas where you disagree with them after reflection.

it

Pay attention when other people try 1deas you've had. How did the results compare
with your expectations?

Interview researchers around you on their taste. Why do they work on the
problems they do? How do they pick problems? What’s their “big picture” of
research?

Read books about the history of science. Reflect on why some researchers
focused on important directions their contemporaries ignored.

Critically consider your research taste, and the community taste around you. Your taste
1s likely very influenced by your research cluster (your collaborators, advisor, etc)

https://colah. github.io/notes/taste/
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