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Abstract

Learning to optimize (L20) is an emerging technique to
solve mathematical optimization problems with learning-
based methods. Although with great success in many real-
world scenarios such as wireless communications, com-
puter networks, and electronic design, existing L20 works
lack theoretical demonstration of their performance and ro-
bustness in out-of-distribution (OOD) scenarios. We ad-
dress this gap by providing comprehensive proofs. First, we
prove a sufficient condition for a robust L20 model with ho-
mogeneous convergence rates over all In-Distribution (InD)
instances. We assume an L20 model achieves robustness
for an InD scenario. Based on our proposed methodology of
aligning OOD problems to InD problems, we also demon-
strate that the L20 model’s convergence rate in OOD sce-
narios will deteriorate by an equation of the L20 model’s
input features. Moreover, we propose an L20 model with
a concise gradient-only feature construction and a novel
gradient-based history modeling method. Numerical sim-
ulation demonstrates that our proposed model outperforms
the state-of-the-art baseline in both InD and OOD scenar-
ios and achieves up to 10 X convergence speedup. The code
of our method can be found from https://github.
com/NetX—-1lab/GoMathL20-0Official.

1. Introduction

Learning to Optimize (L20) is a promising new approach
in applying learning-based methods to tackle optimization
problems. In particular, L20 concentrates on problems with
well-defined objective functions and constraints [7]. Thus,
black-box optimization strategies, such as Bayesian Opti-
mization [24], typically fall outside its scope. L20 has
shown benefits in problems from various domains, includ-
ing LASSO regression in sparse coding using multilayer
perceptrons [8], and utility maximization in resource allo-
cation wherein neural networks (NN) serve to approximate
the expensive matrix inversion [11].

L20 can be categorized into three main types: black-box
[6, 22, 26, 31], algorithm-unrolling [11, 21, 33], and math-
inspired [9, 14]. Black-box L20 approaches the optimiza-
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tion problem as a traditional pattern recognition task, ap-
proximating a mapping function from manually constructed
features to the solutions [26]. Algorithm-unrolling L20
leverages well-defined algorithms, such as gradient descent
[19], to approximate the solutions of complex calculations.
Besides, much research has gone into explainable and trust-
worthy L20. For example, Heaton et al. [9] employ an ex-
isting algorithm to prevent the L20 model from entering ir-
recoverable areas. Liu et al. [14] introduce a mathematics-
driven L20 (Math-L20) framework for convex optimiza-
tion, offering a general workflow for formulating an L20
model. Despite empirical results, a theoretical analysis
on the robustness of L20 models under out-of-distribution
(OOD) conditions is still missing in [14].

OOD generalization for L20 has emerged as a vital is-
sue, often considered more critical in L20 than in other
deep learning applications [23]. For L20O, OOD’s chal-
lenge involves resolving previously unseen problems, po-
tentially involving novel optimization problems with unique
objectives [30]. Guaranteeing convergence in OOD scenar-
ios remains elusive. For instance, a model’s output in an
OOD scenario could potentially veer into unpredictable ar-
eas when the domain changes significantly to an InD sce-
nario.

Numerous efforts have been made to enhance the robust-
ness of L20 models in training. Lv et al. [16] employ data
augmentation to prevent L20 models from overfitting to
specific tasks. Almeida et al. [2] transform the L20 model
into a hyperparameter tuner for existing optimization algo-
rithms. Wichrowska et al. [29] focus on minimizing pa-
rameters in NNs and assembling heterogeneous optimiza-
tion tasks. Liu et al. [14] try to regularize L20 models with
inspirations from existing algorithms. However, these stud-
ies predominantly aim to mitigate the limitations inherent
in existing L20 methods, with no comprehensive analysis
conducted on the impact of OOD on the deterioration of
convergence. This gap in the literature motivates us to quan-
tify this deterioration with rigorous analysis.

The central thesis of this paper is to propose a general
and robust L20 model for both InD and OOD scenarios.
Chiefly, we first investigate L20’s convergence behavior in
InD contexts and derive the criteria for a uniformly robust
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model applicable to all InD instances. Then, we character-
ize L20’s degradation of convergence under OOD condi-
tions, presenting our findings as a series of corollaries. The
main contributions of this paper are as follows.

1. We propose a methodology to link the L20 model’s
performances in InD and OOD situations based on the
Math-L20 approach from Liu et al. [14]. First, we con-
struct a virtual feature by subtracting the L20 model’s
input feature in InD from that in OOD. We then com-
pute the corresponding difference in the model’s outputs
by applying this virtual feature. To depict a comprehen-
sive deviation of OOD from InD, we align the variable
sequence from an OOD situation with that from InD and
construct a trajectory of virtual features. We use this tra-
jectory to illustrate OOD’s divergence from InD and then
conduct theoretical analyses.

2. We establish the criteria for a robust L20 model in an
InD setting and examine its response to OOD. First, we
present a sufficient condition to guarantee a homoge-
neous convergence improvement in each iteration, con-
firming robustness in InD scenarios. Then, we derive the
equations describing convergence gain in a single iter-
ation and the overall convergence rate of the entire se-
quence relative to our proposed virtual feature. A col-
lection of theorems and observations underscore that the
magnitude of virtual features inherently exacerbates the
deterioration of convergence in OOD situations.

3. Based on our theoretical insights, we propose a robust
L20 model, GO-Math-L20, that exclusively employs
gradients as input features. This gradient-only approach
enables a more concise virtual feature in OOD settings.
We introduce a new gradient-only history modeling tech-
nique to model the optimization process’s historical se-
quence. This method employs gradient (and subgradi-
ent) values as status indicators to modulate updates pro-
vided by the L20 model. We propose to recover the his-
torical subgradient from an inversible model definition,
thus eliminating the ambiguity of subgradient selection.

4. Through numerical experiments, we show that GO-
Math-L20 outperforms state-of-the-art (SOTA) L20
models on convergence and optimality across both InD
and OOD scenarios. Following training with a synthetic
dataset, we deploy various OOD test cases with identi-
cal optimal values. Our proposed model’s convergence
speed is up to 10x faster than SOTA L20 models in
OOD scenarios.

The rest of this paper is organized as follows. In Sec. 2,
we define OOD problems for L20. In Sec. 3, we propose a
method to quantify the solutions given by an L20 model in
OOD scenarios. Then, in Sec. 4, we derive the convergence
rate of an L20 model in OOD scenarios. Based on this,
we propose our robust GO-Math-L20 model in Sec. 5. We
empirically verify the proposed model with simulations in

Sec. 6, and conclude the work in Sec. 7.

Notations: A smooth convex function and a non-smooth
convex function are denoted by f and r, respectively. NNs’
input vectors are denoted by z and z’. Variables of an op-
timization problem are denoted by x and x’. The optimal
solution is denoted by x*. An iteration and stopping itera-
tion are denoted by k and K, respectively. A smooth gra-
dient at x;, and a set of subgradients at x; are denoted by
V f(xr) and Or(zy), respectively. A subgradient value of
Or(xy) is denoted by gi. Frobenius norm for a matrix and
L2-norm for a vector is denoted by || - || and || - || respec-
tively. Transpose is defined by . The maximum length of
history modeling is denoted by 7T". The Jacobian matrix of
a vector-to-vector function is denoted by J. An L20 model
is denoted by d. A NN is denoted by operator N.

2. Definitions

In this section, we first introduce the objective of the L20
problem. We then introduce the Math-L20 model in [14],
whose iterative updates are defined by NNs. Last, we define
the domains for both InD and OOD scenarios, which leads
to the definitions of InD L20 and OOD L20O problems.

2.1. Optimizee (Optimization Objective)

Consider function F(z) = f(z) 4+ r(x). Here, f(x) is a L-
smooth function, and r(z) is a non-smooth function. They
are defined within the following function spaces:

Fr (R™) ={f : R"™ — R|f is convex, differentiable, and
IVf(@) = VIl < Lllz = yl, Va,y € R"},
F (R™) ={r : R™ — R|r is proper, closed, and convex} .

We assume 7(x) is sub-differentiable, with its subgradient
set at any point z defined below:

Or(z) ={g eR" | r(y)—r(z) > g (y—x),Va,y €R"}.

We note here that the above optimization objective applies
to both the InD and the OOD scenarios.

2.2. Optimizor (.20 Model)

Denote the L20 model as d(z), where the input vector space
is designated as Z such that z € Z C R™. We define d(z)
as a function mapping within the given function space [14]:

De(Z2) ={d: Z — R" | dis differentiable,

FN(Y
[Jalle < C,Vz € 2,0 e RYY}.

We choose features from 2 and F(z) to define z, offer-
ing a wide range of feasible options. For instance, z could
be defined with the optimization variable and its gradient
as [mT,Vf(:E)T}T in [14]. Different from [14], we pro-
pose to define z solely as V f(x) to improve convergence



in OOD scenarios. From our experimental results, our ap-
proach achieves near-optimal solutions in some OOD cases
and more robust performance than SOTA baselines in all
OOD scenarios. Moreover, Corollaries 2 and 3 theoretically
demonstrate the outperformance over the method in [14].

d(z) iteratively updates the optimization variable. At
each iteration k, given the previous variable z;_; € R™ and
the input vector zj_1 for the L20 model, d(z;—_1) updates
xy, as follows:

T = Tp—1 — d(2p—1)- 2

2.3. InD and OOD Problems

The InD and OOD problems share the same space of opti-
mization objective defined in Sec. 2.1 but with different op-
timization objectives or variable domains. Consider a con-
vex and compact set, Sp C R™. The complementary set of
Sp is denoted as Sp, such that Sp := R™\Sp. We also sup-
pose the existence of two function sets: Fr p C Fr (R™)
and Fp C F (R™). We define InD optimization problems
as follows:

wmin F(z), ®)
where z € Sp, F(z) = f(z) + r(z), f € Frp, and
r € Fp. The dataset employed for training an L20 model
is derived from a specific domain of z, f, and . Consider an
L20 model d(z) that has undergone training with a domain
of z, f, and r, sampled from Problem P. We then define
the InD L20 Problem as: Given any initial point o € Sp,
using d(z) to iteratively update x in order to find a solution
for any arbitrary InD problem as depicted in Problem P.

Note that instances outside this domain potentially yield
more erroneous d(z) outputs. Furthermore, non-learning
algorithms, such as gradient descent, have demonstrated ro-
bustness across all domains [19]. One of the main goals
of this paper is to propose an L20 model that is robust to
OOD.

We characterize OOD in the context of L20 in the op-
timization objective’s domain. We define the OOD L20
Problem as: Consider an L20 model d(z) that has under-
gone training with a domain of z, f, and r, sampled from
Problem P, using d(z) to iteratively update z{, € Sp in or-
der to a solution for any following problem:

min F'(z). (O)
where F'(z') = f'(a') +r'(2'), f' ¢ Fr,p,and v’ ¢ Fp.
We delineate the InD and OOD input vector spaces of
d(z). We denote the input vector spaces for an L20 model
in the context of InD L20 Problem and OOD L20 Problem
as Zp and Zp, respectively. Then, we choose features of
the variables and the objective functions to construct the in-
put feature of d(z). Specifically, we define Zp and Zo as

the ensuing sets:

Zp ={ [x—featureT, f(x)-feature ", r(2)-feature ', . . .}T
| Vo € Sp,Vf' € fL,p,V’r/ S fp}’
2o ={[+/feature ", f'(a’)-feature ", 1’ (a')-feature ', ... ]

| 32’ € So or3f' ¢ FrporIr’ ¢ Fp},

T

where “...” represents other feasible features such as the
history of z. Some feasible feature constructions for x,
f(z), and r(z) include x itself, V f(x), and Or(z). Later
in Sec. 5, we show how to contruct the input features of the
L20 model d(z) based only on V f(z) and Or(x).

3. Virtual Feature and Trajectory

In this section, we introduce a virtual feature methodology
to correlate any arbitrary variable yielded by the L20 model
in the OOD scenario (x},) to a corresponding variable x, in
the InD scenario. The virtual features are generated as a lin-
ear combination of the OOD and InD features and serve as
a bridge to connect each L20 model’s OOD outcome to its
InD outcome. We then leverage the virtual-feature method
to connect OOD and InD variable trajectories generated by
the L20 model. Since the convergence of InD trajectories
is deterministic, such a method facilitates the convergence
and robustness analysis for OOD scenarios in Sec. 4.

3.1. Virtual Feature

Consider an arbitrary OOD variable ' € Sp and a InD
variable z € Sp yielded by the L20 model. Let s € R™
such that s = 2/ — z. In that case, we define the difference
s’ between the L20 model’s features in the OOD scenario
Z' and the features in the InD scenario z. From the Mean
Value Theorem [20], there exists a virtual Jacobian matrix
J4, |J4]| € C+/n such that the following equality holds:

d(z") =d(2) + Jq(2' — 2) = d(2) + J45'. 3)

The demonstrations are in Sec. 8.1. From equation 3,
we can relate any variable of the L20 model in the OOD
scenario to the InD scenario. Although the virtual Jacobian
matrix J4 is non-deterministic, it is upper bounded from the
definition of d(z) in equation 1. This suffices for a quantita-
tive analysis of the impact of the “shift” s’ on convergence.
For instance, our proposed Theorem 1 in Sec. 4 provides an

upper bound on the convergence gain for a single iteration.

3.2. Trajectory

For the OOD Problem O, denote the initial variable as xg S
So- In the optimization process, we have two trajectories
for the variable 2’ and the features of the L20 model z’:

{20, 21, @y o Tl b, {20, 21, 2y - oy 25 )



where ), € So, 2, € Zo,k =0,1,2,..., K. Similarly,
for the InD Problem P, denote the initial variable as xy €
Sp. We have also have two trajectories for the variables x
and the features of the L20 model z:

{.’170,.171,.'152,... axK}7{ZOazl7Z2a"'7ZK}a

where x, € Sp, 2z, € Zp,k=0,1,2,..., K. Utilizing the
definitions in Sec. 3.1, we compute the differences between
the variables and the features of the OOD trajectories and
the InD trajectories as follows:

St

where sy, := x} —xy and s}, := 2}, —zj,. Thus, we can repre-
sent the OOD trajectory by {zj + si} and {2z}, + s}, }. Fur-
thermore, utilizing the virtual-feature method in Sec. 3.1,
we have:

{80781; 52, .. '7SK}5 {8/078/178/27 ..

d(z,_1) = d(zk—1) + Jar—15%_1, “)

where Jg ;1 is a virtual Jacobian matrix of d(Z;_1). Due
to equation 2 in Sec. 2.2, ) is updated by z}_, — d(z},_;)
and x, is updated by 1 —d(z;—1). Based on equation 4,
we have:

Sk = Sk—1 — Jdk—15,_1- @)

4. White-Box OOD Generalization Analysis

In this section, we rigorously demonstrate that the robust-
ness of the L20 model is limited by its input features of
NNs. We prove that increased features adversely impact the
L20 model’s generalization ability in OOD scenarios.

4.1. The Smooth Case

Building upon the state-of-the-art Math-L20O [14], we sys-
tematically detail our conclusions through a series of theo-
rems and lemmas.

We analyze the convergence rate of the OOD scenario
when the objective function F'(z) is smooth, i.e., r(z) = 0
and F(x) = f(z). Leveraging Theorem 1 from [14], the
update of the variable at the k-th iteration can be expressed
as Ty = Tp—1 — Pk,1Vf($k,1) — bg_1, where P;_q €
R™ ™ and by, € R™ are parameters learned by NNs.

Let Py,_q and b;_1 be N1 (2) € D¢, (2) and No(2) €
De¢, (Z) respectively, for some positive constants Cy, Cy €
R*. As suggested in [14], we assign P, as a diagonal ma-
trix. Without loss of generality, for any given variable x_1,
where z;_1 € R", and any given function f € F.(R"),
we define z,_1 = [xzfl,Vf(xk_l)T]T [14]. The update
of variable x, at each iteration k can then be expressed as:

rp = xp—1—diag(Ny(2x—1))Vf(2r-1) —Na(zx-1). (6)

The OOD shift applied to the variable and its gradient yields
the definition of virtual feature (Sec. 3):

spo1 = [sp_1, (VI (@) = V(xe) T (D)

We present the following lemma for Ny (z) and Ny(z)
to yield a variable xj; that is no worse than the previous
variable xy_q at each iteration k.

Lemma 1. Denote the angle between Ny(z—1) and cor-
responding ¥V f(xy—1) as Ox—1. ForVzx_1 € Zp,Vap_1 €
Sp, if Ni(zx—1) and Na(z_1) are respectively bounded
by following compact sets:

1
Nl(zk—l) = )\k:—llaAk—l € |:05 L:| ’

No(z5_1) € [0, va(m’“*ll‘ COS(G’“)1] 0 {0, g}

then, for xp generated by L20 model in equation 6, we
have:

F((ﬂk) — F(l‘k-_l) S 0.

Proof. See Sec. 8.2 in Appendix. O

As stated in Lemma 1, to maintain homogeneous im-
provement on the convergence, it is sufficient to set N1 (z)
as an input-invariant constant, and limit N3(z) according
to the gradient VF'(x_1). Moreover, we can utilize some
bounded activation functions in training an L20 model to
fulfill the conditions to ensure convergence, such as Sig-
moid [17] and Tanh [12].

The proof for Lemma 1 establishes that improvement
is characterized by a quadratic relation to each element in
Ni(2zk—1) and ||No(zk—1)||. We can identify the optimal
upper bound for convergence improvement in the InD L20
model by optimizing this quadratic relation, leading us to
Corollary 1.

Corollary 1. For any zj,_1 € Zp, we let:

Vf(l'k—l)

1
Ni(2k—1) = 7=1,Na(2—1) := 5T

2L
the Math-L20 model in equation 6 is exactly gradient de-
scent update with convergence rate:

L
Flax) = F@") < 5= lleo — 7|

Proof. See Sec. 8.3 in Appendix. O

Corollary 1 implies that the L20 model can achieve gra-
dient descent’s convergence rate by particular settings. The
N (2k—1) is set to be a homogeneous constant across all el-
ements. The Ny (z;_1) is set to in correspondence with the
gradient V f(z_1). Moreover, Corollary 1 also provides
the most robust L20 model with an identical per iteration
convergence gain among all InD instances.



Per-Iteration Convergence Gain

To ascertain the convergence rate of OOD, following Corol-
lary 1, we suppose that after training, the following assump-
tion holds for the InD L20 Problem (not for the OOD L20
Problem) to ensure best robustness for the InD scenario:

Assumption 1. After training, Vxi,_1 € Sp,Vzir_1 € Zp,

Nl(zszl) = il and NQ(Zkfl) = 7Vf(2:1:£_1).

Based on the Lemma | and Corollary 1, Assumption |
leads to an L20 model with best robustness on all InD in-
stances. In the following theorem, we quantify the diminu-

tion in convergence rate instigated by the virtual feature s’
defined in Sec. 3.

Theorem 1. Under Assumption 1, there exists virtual Jaco-
bian matrices J1 y—1,J25—1,k = 1,2,..., K that the per
iteration convergence improvement in the OOD scenario is
upper bounded by:

F/(.rk + Sk) — F/(J?k_1 + Sk—l)

< _ IV @+ s

- 2L
+ L|| diag(J1 518"V (xr—1 + sp—1)|?
! —
+L||Vf (Th—1 + sp—1) = Vf(xp—1) Top1s |2
2L
Proof. See Sec. 8.4 in Appendix. O

Theorem 1 discloses that for a single iteration, the con-
vergence improvement of OOD is bounded by the gradient
descent with a step size of 1/L, resulting in —|V f|?/2L
convergence improvement. Hence, when Math-L20 is ad-
equately trained, any OOD will dampen convergence. Ad-
ditionally, given that the expression on the right-hand side
is not strictly non-positive, we cannot unequivocally affirm
that convergence will transpire within a single iteration.
Further investigation also intimates that, even in the con-
text of convex optimization problems, scenarios may arise
where the value of the objective function deteriorates.

While the existence of virtual Jacobian matrices in The-
orem | is assured, their specific values remain unknown.
Given that boundedness is a defined characteristic of these
matrices, we relax this constraint in Theorem 1 and intro-
duce Corollary 2.

Corollary 2. Under Assumption I, the per iteration con-
vergence improvement in the OOD scenario can be upper
bounded w.rt. ||s),_, || by:

F'(xg + sg) — F'(2p—1 + s5-1)
< _ IV @r + 60l
- 2L
n IV f (xr—1 + s—1) = V()|
2L
+ (LCEn||V ' (wh—1 + sp—1)|I* + 2LC3n) [|s']1>.

Proof. See Sec. 8.5 in Appendix. O

Corollary 2 further elucidates that the decline in the con-
vergence improvement of OOD is determined by the mag-
nitude of the input (virtual) feature s’ of the L20 model, as
outlined in equation 7. This magnitude is intrinsically re-
lated to the vector’s dimensionality, which relies on the fea-
ture construction of the L20 model. For example, to reduce
its magnitude, we can eliminate si_; in equation 7. We
achieve this feature shrinking and propose a novel gradient-
only L20 model in Sec. 5.

Multi-Iteration Convergence Rate

Building upon Theorem 1, we extrapolate the convergence
rate across numerous iterations, as delineated in Theorem 2.

Theorem 2. Under Assumption I, the K iterations’ con-
vergence rate in the OOD scenario is upper bounded by:
: F/ _ F/ * £
pin (zh + s1) (" + %)

L L
§§||$0 — " + 59 —S*Hz — 5”.%1( — 2 + sx —3*”2

K
—&—?];(a:k—ksk—x*—s*)T

Vi (xr—1+ sk—1)
k ; k ))

Proof. See Sec. 8.6 in Appendix. O

(xk + sk — (%-1 + Sk—1 —

The first two terms on the right-hand side of the above
inequality represent the gradient descent convergence rate
characterized by a step size of 1/L. However, the third
term is unbounded and could be either non-positive or pos-
itive. This suggests that there is no guaranteed global con-
vergence in OOD situations, even with homogeneous ro-
bustness in InD scenarios.

The inequation above offers a direct approach to ana-
lyzing distinct cases of convergence. Included in the con-
cluding line of Theorem 1 is a gradient descent equation,
Tp—1 + Sp—1 — V' (xg—1 + sk—1)/L. Moreover, xj, + s
represents the updated solution by the L20 model. The sub-
traction of the two terms reveals the discrepancy between
the updates made by L20 and gradient descent on the ob-
jective variable x;_1 + si_1, thereby creating a vector di-
rected towards xy, + si. Similarly, xy, + s — x* — s* signi-
fies the relative position to the optimal solution, generating
another vector directed towards xj + si. The resulting in-
ner product will be non-positive if the angle between these
two vectors is 7/2 or more. Moreover, if the trajectory of
T + s —x* — s* can be extrapolated from domain knowl-
edge, a “trust region” surrounding xp + s; can be estab-
lished to augment the efficacy of gradient descent.

From Theorem 1, we develop a stringent formulation to
illustrate the potential uncertainty of convergence in OOD



scenarios. If we know the relative position of the optimal
solution, we can fine-tune an L20 model to outperform gra-
dient descent. Based on Theorem 1, we establish an upper
bound w.r.t. s’. This mirrors the approach in Corollary 2.

Corollary 3. Under Assumption 1, L20 model d(z)’s OOD
convergence rate is upper bounded w.r.t. ||s)._ || by:

: / _ / * *
k:r{nnKF (xg + si) — F'(x* + s7)
L L
§§Hx0 + 59 —a* —s*|* - §||xK +sxg —a* —s*|?
1 & , T
+ == (Vf'(zr-1+ sk-1) = Vf(@p_1))
QKk f
(g + sk, — ™ — s¥)
;K
£ (OIS e + i)
k=1
+ Cov/nllak + sy — 2" — 7)) Isi_1 [l
Proof. See Sec. 8.7 in Appendix. O

Corollary 3 posits that the overall convergence rate is
consistently upper bounded by the magnitude of s’. Based
on Corollaries 2 and 3, we endeavor to reduce the magni-
tude of s’ by eliminating variable, leading to the approach
of a gradient-only Math-L20 framework in the next section.

4.2. Other Three Cases

We have developed several additional theorems and lemmas
for non-smooth, incremental historical modeling, and in-
tegrated smooth-non-smooth cases.. Our approach mirrors
that employed in the smooth case demonstration. The back-
bone algorithms of math-inspired L20 fundamentally limit
their convergences. For example, the Gradient Descent [19]
and Proximal Point [ 18] algorithms in the smooth case and
the non-smooth case, respectively.

We extend the theorems and lemmas in the smooth case
to derive formulas for convergence improvement of a sin-
gle iteration and convergence rate across a sequence. These
demonstrate the diminishing effect of OOD on convergence.
Our findings conclude that constructing fewer features can
mitigate this negative impact. More extensive demonstra-
tions and complete proofs can be found in Appendix.

5. Gradient-Only L20 Model

Informed by the theorems and lemmas posited in Sec. 4,
we introduce a gradient-only L20 model, GO-Math-L20,
which aims to enhance robustness in OOD scenarios by
eliminate variable-related input features for the L20 model.

To derive the formulation of GO-Math-L20, we employ
the workflow delineated in [14]. Let 7" denote the history

length. At the k-th iteration, suppose there exists an oper-
ator d, € Dc(R®™), we formulate the input of our GO-
Math-L20O as follows:

wp = o1 — dp(Vf(2r-1), gk, Vk—1), (8

where gj, denotes the implicit subgradient vector of z, to
invoke the proximal gradient method [14]. Moreover, we
eliminate all variable-related features and define v;, as the
result of historical modeling [14]. Different from the vari-
able approach in [14], we propose to utilize gradient (and
subgradient) to model the historical information of the opti-
mization process since gradient sufficiently and necessarily
indicates optimality in convex optimization scenarios. Such
an approach reduces the magnitude of L20’s input feature
(defined in Sec. 3) by 1/3, which facilitates convergence
based on our proposed corollaries in Sec. 4.

Suppose there exists an operator u, € Dc(RT™), we
define the following model to generate v from the gradient
and subgradient of 7" historical iterations:

v = dp(Vf(xr—1)+gk—1,- -, VI (@r—1) + gr—7). (9)

where each g represents a subgradient vector. For subgradi-
ent selection, we should carefully choose an instance from
the subgradient set of each non-smooth point since an arbi-
trary selection may lead to poor convergence [25].

We achieve a lightweight subgradient selection based on
the gradient map method [28] and our following model con-
structions. From the objective definition in Sec. 2.1, the
non-smooth objective 7 is trivially solvable by argmin.
Thus, at k-th iteration, we can recover an implicit subgra-
dient vector gj, of arg min by k-th solution x; and k_;-th
solution x_; if the L20 operator dj, in equation 8 is in-
versible. Next, we achieve an inversible d; based on the
workflow proposed in [14].

With the above feature and component constructions, we
start to define the structures and learnable parameters of our
L20 operator dy, in equation 8. We formulate dj, as the nec-
essary condition of convergence [14], which means the for-
mulation that dj should follow if convergence is achieved.
First, denote a candidate optimal solution as z*, we con-
struct two sufficient conditions (Asymptotic Fixed Point
and Global Convergence) of convergence for our L20 op-
erator dy, in equation 8:

hm dip(Vf(x™), —Vf( *),0) =0, (FP)
khm xp =2 (GO)

As discussed in [14], such two conditions are essential for
optimization algorithms.

Then, we present the following Theorem 3 to construct
dy’s parameters. Theorem 3 shows that if dj converges, it
should be in the form of equation 10. Then, if we add a
further assumption on some of the parameters, the solution
on each iteration can be uniquely obtained by equation 11.



Theorem 3. Suppose T = 2, given [ € Fr,(R™) and r €
F(R™), we pick an operators from Do (R3™) and D (R*™).
If Condition FP and Condition GC hold, there exist Ry >
0,Qk,Br € R"™™ and by j, ba i, € R™ and satisfying:

xp =rp—1 — RV f(2r-1) — Regr — Qror—1 — b1k,
vy =1 —Bg)Gr + BrGr—1 — ba,

Gr =Ry (vk—1 — vk — Quok—1 — b1 i),

(10)
where for k = 0,1,2,..., gx+1 € Or(zi41) represents
implicit subgradient vector, Ry, Qy, and By, are bounded
parameter matrices and by, — 0,ba, — 0 as k — oo.
Since Ry, is symmetric positive definite, xy41 is uniquely
determined through:

_ 1
arggnnr(x) + §||36 — RV (k) — Qrok — bl,k”f{;l’
z€R™
1D

where || - ||R;1 is defined as Hx||R;1 = /2R, 'z

Proof. See Sec. 8.8 in Appendix. O

As a necessary condition for convergence, Theorem 3
suggests that our gradient-only L20 model should construct
parameters R, Q, B, b1, and b,. It is worth noting that this
model does not guarantee satisfaction of conditions FP and
GC. The convergence is promoted by training.

We learn to construct the parameters in Theorem 3. First,
the proof elucidates that the bias terms approach zero upon
convergence. Thus, we set by, by := 0 and learn to con-
struct R, Q, and B. We take the construction in [14] to im-
plement our GO-Math-L20 model with a two-layer LSTM
cell. Then, we utilize three one-layer linear neural network
models with Sigmoid activation function [17] to generate
R, Q, and B at each iteration, respectively, which ensures
that all the matrices are bounded.

6. Experiments

We perform experiments with Python 3.9 and PyTorch 1.12
on an Ubuntu 18.04 system equipped with 128GB of mem-
ory, an Intel Xeon Gold 5320 CPU, and a pair of NVIDIA
RTX 3090 GPUs. We strictly follow the experimental setup
presented in [14] for constructing InD evaluations. Due to
the page limit, the implementation details are in Sec. 12.

We use the Adam optimizer [13] to train our proposed
model and learning-based baselines on datasets of 32,000
optimization problems with randomly sampled parame-
ters and optimal solutions. We generate a test dataset of
1,000 iterations’ objective values, averaging over 1,024 pre-
generated optimization problems. We evaluate different
training configurations and loss functions to select the best
setting. Details are in Sec. 12.5, Appendix.

Baselines. We compare our GD-Math-L20 (Section 5)
against both learning-based methods and non-learning algo-
rithms. Our main competater is the state-of-the-art (SOTA)
math-inspired L20 model in [14]. Specifically, we se-
lect the best variant from this study, L20-PA. Consistent
with the outlined methodology, we also compare our ap-
proach with several hand-crafted algorithms: ISTA, FISTA
[5], Adam [13], and AdamHD [4], which is Adam com-
plemented by an adaptive learning rate. Moreover, we as-
sess our model against two black-box L20 models, namely
L20-DM[3] and L20-RNNprop [15], and one Ada-LISTA
[1] that unrolls the gradient descent algorithm with learning.

Optimization Objective. We choose the two regression
problems in [14]: LASSO Regression and Logistic Regres-
sion, defined as follows:

. 1
min F(z) :§||Ax — b||2 + Allz||1,

TzER™
1 m
in F(z) =— — b; log(h(a,
min F(z) m;[z og(h(a] x))
+ (1= b;)log(1 — h(a] 2))] + Alz|1,
where m := 1000. A € R2%0%500 354 p e RS5O,

{(a;,b;) € R% x {0,1}}™, are given parameters. h(z) :=
1/(1 + e~*) is sigmoid function. We utilize the standard
normal distribution to generate samples and set A := 0.1
for both scenarios [14].

We implement the Fast Iterative Shrinkage-Thresholding
Algorithm (FISTA) [5], executing 5,000 iterations to gener-
ate labels (optimal objective values) [14]. Due to page limit,
we confine our presentation to LASSO Regression. The re-
sults of Logistic Regression are in Sec. 12.8, Appendix.

OOD Scenarios. We aim to quantify the effect of OOD

on convergence rates. We specifically formulate two types

of OOD trajectories triggered by different actions. It is cru-
cial to note that both OOD and InD scenarios maintain an
identical optimality on both objective and solution.

1) sop # 0,89 € R™. xg is altered by an adjustment factor
so that z{, falls within the OOD set Sp. Assuming the
objective remains consistent, we expect 2’ to move from
the OOD Sp to the InD Sp.

2) F'(z) = F(xz +t),t € R™. The OOD perturbation in-
troduces a translation ¢ along the axes of the objective
variable to the objective function. Thus, the optimal so-
lution z’* diverges from that obtained under the origi-
nal InD domain, even though the optimal value remains.
This illustrates a scenario where the domain translates in
inference. If the starting point is unchanged, z’ is ex-
pected to move from InD domain to OOD domain.

We derive the non-smooth function’s proximal operator
for the OOD scenario, specifically for the ¢;-norm. We de-
fine r(z) as A|z|;, and define the OOD translation as ¢ on
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Figure 2. LASSO Regression: Real-World OOD.

variable. The OOD proximal operator with ¢ is given by:
( Prox, . (j) )Z

= —t + sign(Z;) max(0, |Z;| — A(pk): + sign(z;)t).
6.1. InD Comparison

The trajectories of solving the LASSO Regression problems
are shown in Figure 1, where the vertical axis represents
the normed objective value at a given iteration (indicated
on the horizontal axis) with a label generated by FISTA [5].
Our proposed method (red line) surpasses all other methods,
demonstrating better optimality and quicker convergence.
Furthermore, we utilize several ablation studies on
model configuration, such as gradient map recovery strate-
gies in Sec. 12.4 and hyperparameter settings for learned pa-
rameter matrices in Sec. 12.6, to determine the best model
configuration. The details are in the Appendix.

6.2. OOD Comparison

The real-world results in Firgure 2 show that our GO-Math-
L20 (converges at 400 iterations) outperforms all other
baselines (1,000 iterations). Considering the lackluster per-
formances of other baselines in Figures 1 and 2, we primar-
ily compare our GO-Math-L20 model against SOTA L20-
PA [14]. We construct two synthetic OOD scenarios with
the two trigger settings, where the optimal objectives align
with those in Figure 1.

Figure 3 portrays the scenario wherein the initial point
shifts such that sg # 0, with the legends denoting sixteen
cases. Our GO-Math-L20 model (represented by dashed
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Figure 4. LASSO Regression: OOD by Trigger 2.

lines) outshines L.20-PA (solid lines) in all instances, as-
serting its superior robustness.

The observations in Figure 4 for the OOD scenario in-
volve function shifting that F’(z) = F(z + t). The opti-
mal values achieved by both methods deteriorate from 10~7
(as seen in Figure 3) to 10°. However, our GO-Math-L20
still outperforms L20-PA in all cases. For example, when
t = £10, our model converges at around 20 steps, but L20O-
PA fails to converge.

7. Conclusion

This paper aims to improve the robustness of L20O in OOD
scenarios. We derive a general condition to ensure robust-
ness in InD scenarios. We propose virtual features to con-
nect the OOD L20’s outputs with InD L20O’s outputs of
a whole trajectory. Based on such connections, we prove
formulations to demonstrate the convergence performances
in OOD scenarios. Based on the observations, we estab-
lish that the magnitude of the L20 model’s input features
intrinsically limits the OOD’s convergence. Furthermore,
we propose a robust L20 model with concise gradient-only
features and modeling historical features with gradient and
subgradient. Experiments show our model significantly out-
performs SOTA baselines.
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Supplementary Material

8. Proofs
8.1. Preliminary
Demonstration of Equation 3

Proof. Based on demonstration for Lemma 1 in [14], since d € D¢ (m), the outcome ofd is an n-dimensional vector. Denote
the i-th element as d;(1 < i < n) and convert d into a matrix form:

d(2) = [d(2), ..., dn(z))] T,

d(z) = [dr(2), .., dn(2)] .

Regarding each d;(z’) as a multi-variable function and applying the Mean Value Theorem on it, for some &; € (0,1), we
can construct following equality:

od;

d;(') —di(2) = <32’i (&7 + (1= &)z), 2 — z>

Stacking all partial derivatives into one matrix yields:

od,,

Jd: |:8d1(§12/+(1€1)2’),,8z

9% (@,z/ +(1— &,)z)] .

We can directly get equation 3. And the upper bound of ||J || is given by:

n

19all* < 1 3allf =

i=1

2

% < nC?.

9% (G2 +(1-¢&)

A General Upper Bound from L-smoothness

Suppose z, Z, 2 € Z are input feature vectors of the L20 model. There exists a & € [0,1] that 2’ = £z + (1 — §)Z,2 € Z.
Thus, we are able to represent OOD feature 2z’ with InD feature z. Denote the virtual Jacobian matrix of N1 (z’) € D¢, and
N3(z') € D¢, at point 2’ as J; and J. Since Ny (z) and Ny (z) are smooth, due to the Mean Value Theorem, we have the
following equality between OOD and InD outputs of the L20 model:

Ni(2) =Ni1(2) + J1(z — 2), NQ(Z)ZNQ(Z)-FJQ(Z—Z).

As demonstrated above, we have ||J1|| < y/nC1, and ||J2|| < /nCs.
As illustrated in Sec. 3, we represent OOD input feature vector z’ as a combination of InD input feature vector 2 and
virtual feature vector s’. For a 2z’ = z + s’, we have the following equalities:
Ni(z+8)=Ni(2) +J1(z + 8 — 2) = Ny(2) + J1 8,

12
No(z+8') = Nao(2) + Ja(2 + 8" — 2) = Na(2) + Jas'. (12)

Following [14], in the smooth objective case, if we use variable and gradient to construct input features, we can further

°
formulate s” as s’ := [ST, (Vf'(x+s)— Vf(:c))T} . For s’, we have the following inequalities:

Is'2 = llsl* + IV (2 + ) = VF(@)* > [Vf'(z + 5) = Vf (). (13)



The above inequation gives a theoretical lower bound of the input feature’s magnitude in [14]. Our following results will
demonstrate that the convergence rate of learning-to-optimize will be the upper bound with respect to the magnitude of the
L20 model’s input feature. Based on such a lower bound, we are able to improve the convergence rate by eliminating variable
features.

For any z,z% € R", we use x and x" to denote the variables before and after the update. Based on the definition of
L-smoothness [27], we have following upper bound on objective F:

F(zt) < F(2) + Vf(z) (a7 — ) + g”m-‘r — x|

Note that in problem O (Sec. 2), we define that an objective F'(x) has two parts: smooth part f(x) and non-smooth part ().
And in the smooth case, we set r(x) := 0.

Substituting 27 = x — diag (Nl(z))TVf(x) — N3(z), we have:
F(zT) < F(z) + Vf(ac)T(x — diag (Nl(z))Vf(m) — Na(z) — x) + 1LHﬂc — diag (Nl(z))Vf(x) — Na(z) — xH ,
= F(z) — Vf(2)" diag (N1(2))Vf(z) — Vf(z) "Na(z) f|| diag (N1 (2)) V£ (2) + Na(2)||*.

If Vf(z) := 0, we have:
F(z") < F(x 7HN2 )|

To ensure F(z+) < F(x), we should set || N (2)|| := 0. Thus, N3(2) := 0. Otherwise V f(z) # 0, we can split N1 (z)
and N(2) in equation 14 by:

F(z") < F(z) = Vf(2)" diag (N1(2)) Vf(x) = Vf(2) 'Na(2) + 5 || diag (N1(2))Vf(z) + Na(2)||*,
< F(z) — Vf(z)" diag (N1(2))Vf(2) — Vf(z) 'Na(z) + L|| diag (N1 (2))V f H2 + L||N2 z)| %,
= F(z) = Vf(2)" diag (N1(2))Vf(z) = Vf(z) 'Na(z) + LVf( )" diag (Nl( )"V f(z) + L|Na(2)]|",
— F(z) - Vf(z)T (diag (N1 (2)) — Ldiag (N1(2))%) V£(z) — VF(2) TNa(2) + L||No(2)||*.

We construct the following inequality to ensure a homogeneous decrease in objective:
. . 2 2
V)T (dlag (Ny(2)) — Ldiag (N (2)) ) Vf(z) — V@) Na(2) + L|No(2)||* <0,

where () ? on a matrix or a vector represents the entry-wise square, respectively. We continue to use this denotation below.
We first demonstrate the convergence gain on each iteration by —V f ()" ( diag (N1(2)) — L diag (N1(z)) 2) V f(x) and

~Vf(x)"Na(z) + L||N2 (2) H2 respectively (Lemma 1) and overall convergence rate over K iterations. Then, we analyze
the out-of-distribution effect on the convergence rate.

8.2. Proof of Lemma 1

Proof. This proof demonstrates a sufficient condition to ensure a robust L20 model with per iteration convergence guarantee.
z)|| = 0 when ™ — x*. We frist derive the conditions for N3(z) = 0
case. Based on the solutions, we derive the conditions for N3 (2) in Ny(z) # 0 case.

Case 1 Ny(2) = 0.
- Vi(@)7 (diag (N1(2)) — Ldiag (N1(2))*) V(@) = V(2) "Na(2) + L||Na ()|
_ Vf(x)T<diag (Ny(2)) — L diag (Ny(2)) )Vf(z), (15)
=~ V()" (ding(N (=) — LN1(2)?) ) V f (2),



where N (2)? represents coordinate-wise square over a vector. To keep —V f(x) " ( diag (N1(z) — LNl(z)z))Vf(m) <
0,YV f(x), we should have:

dlag (Nl( LN1 )

Ni(2) — LNy(2)?

where L > 0 is given by L-smoothness definition in equation 2.1. Solving the above quadratic inequality, we have the
following range for Ny (2):

=0
20,

1
0<Ni(2) < Z,VZGZ. (16)
The left-hand side N1 (z) — LIN1(z)? achieves maxima ;- at N1 (z) = 57.
Hence, due to the L-smoothness of f(x), InD’s convergence gain in one iteration has the following lower bound:
L v 2 . . 2
-7 < - I J;(L)” —Vf(:v)T<d1ag (N1(z)) — Ldiag (N1(2)) )Vf(x) 17

Case 2 Ny(z) # 0. We first freeze —V f(2) "N (2)+L|| N2 (2) H2 and apply the derivation in Case 1 to keep a non-positive
~Vf(x)" ( diag (N1(z)) — Ldiag (Nl(z))2>Vf(ac). Similar to the demonstration of N (z), we construct the following
inequation for Ny(2):
~Vf(x)TNa(2) + L||Na(2)|* < 0.
Suppose the angle between N2 (z) and V f(z) is 6. The left-hand side of the above equation can be represented by:

— [V f ()| * || Na( )y|cos(9)+L|\N2(z)y|2:HNQ(z)H(—HVf( )|l cos(8) + L||Naf )H)go.

Note that ¢ should follow ¢ € [0, 7] to avoid inherent non-negative of left-hand side in the above inequalities. Solve the
above inequality, we have:

) < IV eos@)  I9I 8

L
V x V €T 2

0 < ||N2(z

Substituting it back, we get minima at |[N2(z)
maxima at — - |V f () |2, which means N () is in the same direction with V f(z), i.e., No(z) = L&),

. Note that if 6 = 0, the above equation achieves

O
8.3. Proof of Corollary 1

Proof. From the proof of Lemma 1, we construct separate conditions for the output of neural networks N; and Ny by
decomposing the per iteration convergence rate into two quadratic formulas with respect to the neural network models in
the L20 model. This proof demonstrates the most robust L20 model in the InD scenario, which achieves the per iteration
convergence gain of gradient descent.

The quadratic formular Ny (z) — LNl( )? with respect to Ny (z) achieves maxima ;- at Ny (z) = 5. The quadratic

formular ||No(z)|| ( — |V f(2)] cos(6) + L||Na( )||) with respect to Na(z) achieves minima — M at [|[Na(z)|| =

W. We derive the best convergence rate after K iterations in this part for InD and OOD cases, respectively. The
convexity of f(x) yields f(z) < f(x*) + Vf(x) " (z — z*) [27].

Due to equation 16 and equation 18, when N1 (z) = 5~ and Ny (2) = vf(x) , the update formula for one iteration is as
following, which is precisely gradient descent with % step size.
1 \Y 1
vt =e - ZVf(a) - ;g”) =2 - 7 V(@) (19)

We note that this corollary demonstrates that the L20 model can achieve the best upper-bound convergence rate of gradient
descent. However, its lower bound is non-deterministic and relies on training.
Based on the definition of L-smoothness on f, we have:

IV5@)?

F(a*) S F(a*) + V(@) (@ - 2*) = 7=~



In k-th iteration, k& > 1, we have:

F(zg) — F(a") < Vf(ze1) (251 — ") — ||Vf(;'fz—1)H 7
- %(MVﬂx’“*l) (@p—1 —a7) = va(ka—l)\f),
= %(MW(”C’H) (2x1 = 2*) = |V f@r-)|[* = Lllans = 2|2 + L2apr - ")),
— (Pl o — Lo — %)~ V() |P).
= o (Pl =21 = i - 295 e) ~ o ),
(Due to equation 19) = %(HSEH — | = [l — ff*HQ)

Sum over all K iterations, we have:

N

K K I
Y Fla) = F@) < 5 (low-r —a*|® = LPllay — a*|*) = 3 llwo = .
k=1 k=1

Since F(xg) — F(z*) is the minimum of the left-hand side of the above, we have:

L

F(zg)—F(z*) < 5K

lwo — 2|1

8.4. Proof of Theorem 1

Proof. In the proof of Lemma 1, we have demonstrated that to ensure a robust L20 with a homogeneous convergence gain for
any x and F', we should bound the neural networks N1 (z) and N(z) in the L20 model into those compact sets respectively.
In Corollary 1, we give one sufficient condition to ensure the best robustness for the L20 model. In this proof, upon Corollary
1, we formulate the L20 model’s convergence in the OOD scenario in this proof.

Convergence Gain by N (z). Due to equation 12, we have the following equation:

Ni(z+s') — LNy (z + §')?

=N (2) + J1s’ — L(Ny(2) + v)Q,
=N (z) + J18' — L(Ny(2)® + (J18')% + 2N (2)J18'), (20)
=Ni(2) — LNy (2)*+ (1 — 2LNy(2))J1s" — L(J15)*.

) @

Term (@ in equation 20 is a quadratic formula of v with the following range thanks to v:

2
(1 -2LNy(2))" . , 1
7 if0<J8’ < — —2N
4T, , 1 0_ 15 = T 1(2)7 (21)

1
@ <0,ifJ1s" <0orJys’ > 17 2N (2).

0<@<



Due to equation 20, we have the following OOD convergence gain on shifted data z + s':

- Vfi(z+ S)T(diag (N1(z + §')) — Ldiag (N1(z + s'))Q)Vf’(x +s)
= Vf(z+s) diag (Nl(z) — LNy (2)2 + (1 — 2LNy (2)) 315’ — L(Jls’)2)Vf’(x +5),
=~ Vf'(z+5) diag (N, (2) — LN, (2))Vf' (x +5) — Vf'(z + )" diag ((1 —2LN, (2))J,8 — L(Jls’)Q)Vf’(x +s),

=—Vf'(z+s)" diag (N1(z) — LN1(2)*)Vf'(z + s) = Vf'(z + ) diag ((1 —2LN;(2))d1s’ — L(Jls’)Q)Vf’(x + ).
(22)
Moreover, we derive the following equation of convergence gain with respect to the L20 model’s virtual feature s’ (the
difference between OOD and InD features):

—Vf'(z+s)" diag (N1(2) — LN1(2)2) V' (z + ) — Vf'(z + ) diag ((1 —2LN;(2))J1s" — L(Jls')Q)Vf/(x +s)
=—Vf'(z+s)" diag (N1(z) — LN1(2)*)Vf'(z + s)
VY (x+ s)T(diag (1 - 2LN, (2)) diag(J; ') — L diag ((Jls’)T(Jls’))>Vf’(:z: +5).
(23)
The above equation is lower bounded by —V f/(z+5) " diag (N1 (2) — LNy (2)?)V f/(z+s)+ £V f'(z+s) " diag ((17
2LN1(2))2> Vf'(z+s) when Jys' := 5= — Ny (2).

Moreover, if N1 (z) := 5T L ,Vz € Zp, which means the best robutstness is achieved on the training set, the convergence
gain compared with InD decreases to:

2
-1 Gt o) ding (7 - ;L )V
—Vf(z+s)" (diag(l — 2L )d1ag(J18 ) — Ldiag(J;s") " diag(J15))Vf'(z + s)

=— W + LV (z +5)" diag(J1s") " diag(T1s" )V f'(x + s),
Vit )|

4L

(24)

+ L|| diag(3,s)V f'( + 5)| .

The above result demonstrates that any non-zero J;s’ leads to worse convergence gain, which implies that a more well-
training L20 model leads to less generalization ability. Only inadequately trained L20 models can achieve increments of
convergence.

Convergence Gain by No(z). Assume equation 18 holds in training:

—Vf'(z+s) No(z+s) + L||Na(z + &)
=—Vf'(z+s)" (Na(2) + J2s') + L|Na(2)
— — Vf'(z+5) Na(z) + L|No(2) || = V (x+s)Tst’+L||J23’||2+2LN2(z)TJ23’, (25)
— — Vf'(z+5) Na(2) + L|No(2) || = V(& + 5) T Jas’ + L||Jos||> + 2LNo(2) T Jas,
— — V(@ +5)TNa(2) + L|[No(2)||” = (Vf'(x + 5) — 2LN(2)) " Tos’ + L||Tos'|%,

Vi)
2L

If we further assume training leads to best convergence gain, i.e., Nao(z) = which means best conver-
gence gain achieved on a training set, we have the following per iteration convergence gain in the OOD scenario from Ny(z):



— Vf'(x+5) Na(z2) + LHNQ(Z)HQ

— (Vf'(x + s) — 2LNy(2)) ' Jos’ + L||Ts||?

v v v 2 v T
_ V'@ +5) V(@) V@)
oL AL
i _ T i _ 2 ’ _ 2
WSS E AW LIS E LS BN
VSl +s)V(@) | IV@I? VS (z+s) = VS(x)]? Vf'(x+s)—Vf(r) 12
T oL LT/ AL +LH oL —Ja8)
Ve +9))? Vi'(x+s)—Vf(x) A2
el |t

Overall Convergence Gain of One Iteration. Sum up equation 24 and equation 26, we have the following OOD’s inte-
grated convergence gain of one iteration:

B HVf’(x + S)H2
2L

2

Vi'(z+s) = Vi)
2L

+L||diag(J15’)Vf’(x+5)HQ+LH —Jos

27

©)

2
Vi (z+ . . . L
— | f (;L ) is equivalent to the convergence rate of gradient descent, which is also the most robust convergence rate
that the L20 model could achieve in the InD scenario. Moreover, we would like the value of the above equation to be as small
as possible. However, the non-negativity of (3) shows that the convergence gain deteriorates as long as OOD happens. O

8.5. Proof of Corollary 2

Proof. In this proof, we formulate the upper bound of per iteration convergence gain with respect to the L20 model input
feature vectors.
Based on Triangle and Cauchy-Schwarz inequalities, we have:

- W + L] diag(315)V 'z + 5)] +LHVJH($+;)L_ |
= VeI gy ) 4 | T ZEH) gy ;
<- W + L|| diag(31s")V /' (x + 5)|* + 2L H k2l +253:_ VI 2y op |
_ ||Vf’(;cL+ I, V7@t D= VI | 1) ding(@1)v 1o+ 9 + 22325
<- va/(;; o) n ”Vf/(“L‘;)L_ Vi@l + L|| diag(318)Vf'(z + 5)||* + 2L 321211

Due to ||J1|| < C1y/n and ||J2|| < Cav/n, the above inequality is upper bounded by:

Vsl 1Vt ) - V@)
2L 2L
C VrEs s Vet s) - Vi@
- 2L 2L
__I9f el | 1V @t ) - V@)
o 2L * 2L *

+ L|| diag(3s) V£ (z + 5)||* + 2113?17,

+ LCTn||s |V f'(x +5) IV f (@ + 5) + 2LC3n||s'|1*,  (28)

(LCEn||V £/ (z + s)||* + 2LC3n) |8/



Due to the formulation of ||s’|| in equation 13, if we set s’ := V f'(x + s) — V f(z), which means we remove the variable
feature and only use gradient as the input feature of the L20 model, we can decrease such convergence gain’s upper bound
from the right-hand side of inequation 27 to:

AR R AR o 47 Col

o o (LC|V S (@ + )[> +2LC3) [V (a4 5) - V@), @9)

where we just replace ||s’|| in inequation 27 with |V f'(x 4+ s) — V f(x)]|.

8.6. Proof of Theorem 2

Proof. In Sec. 3, we split the trajectory of OOD variable 2’ into a trajectory of InD variable x and a trajectory of the virtual
variable s. z is updated with “well-trained” L20 with robustness guarantee (Corollary 2), which is independent of OOD and
deterministically performs as gradient descent. Thus, the uncertainty of the OOD scenario can be formulated with respect to
the virtual variable s. This proof constructs the formulation of multi-iteration convergence rate with respect to s.

First, we assume Corollary 2 hold, which ensures the L20 model’s robust performance on InD variable x. Upon equa-
tion 12, we have following equalities between the L20O model’s outputs of ODD and InD scenarios:

1
Nl(z—l—s’)zﬁ—i—Jls’,
Vi(x)
n o /
Na(z+¢') = 5T + Jas',

where as defined in Sec. 3, z + s’ and z represent L20 model’s input features of OOD and InD scenarios respectively. And
s’ formulates the difference between them.

In k-th iteration, k£ > 1, based on the above equations, we can represent the L20 model’s update formula in the OOD
scenario as follows:

@ +5p = 2p—1 + sp—1 — Ni(ze—1 + 5, )V (@p—1 + sx—1) — Na(zx—1 + 53, _1),

1 . V f(zp—
=Tp_1+ Skp—1 — (2L - dlag(J1,k1821)) Vi (wg_1+8k1)— (f<2Lk1) + Jg,klsgl) )

(30)

From the above equation, we want to split the InD part on the InD variable x and the OOD part on the virtual variable s.

By adding an entra term %, we have the following reformulations:
Vf(ap— V' (xk—1+ sk Vf(ap- .
Tk + Sk =Tp—1 — Vi@i-1) +5k—1 — S ns + se1) + f@e-y) diag(J1 k—155,_1)V S (Tk—1 + Sk—1)
L 2L 2L
—Jo k1811,
Vi Vgt 511) = V() ey
Th— Th—1 + Sk—1) — The )
=Tk—1 — % + Skp—1 — Bl I;E L diag(J1k-18%5—1)Vf (21 + s5-1)
— J27k_15;€_1.

Then, we can split the OOD trajectory of 2’ = = + s into two parts: InD and OOD parts on x and s. First, we assume the
InD variable z is updated with the following update formula with the gradient of InD objective f(xg_1):

Vf(wr-1)

I ) (32)

T =Tp—1 —

For the z part, with an unchanged InD initial point £y € Sp and an InD objective f € Fp, p is solutions given by the L20
model are always in the InD scenario. The optimal solution z* of f is deterministic as well.

Moreover, removing equation 32, the remaining terms of equation 31 constitutes the update formula on virtual variable s:

Vi (xr—1+sk-1) = Vf(rp_1)
2L

Sk = Sk_1 — — diag(J18,_ 1)V (zp_1 + sk—1) — J28)_1-



Now is the time to derive the convergence rate. Based on the definition of L-smoothness on f’, in k-th iteration, we have
the following upper bound of OOD objective f'(x) + s):

F'(zk + sk)

L
<F'(zp—1+ sk-1) + VI (@h1 4 se-1) T (zr + sk — (@h—1 + s6-1)) + 3 2k + s — (zr—1 + se—1)[17,
=F'(zp—1 + sk-1)

+ V' (k-1 + sk—1)

T ( Vi(zr=1) Vf(zr—1+sk-1) = Vf(zr-1)
L 2L

L H_Vﬂxkl) Vi (@e—1 + sk—1) = Vf(@r-1)

—diag(J18),_1)V [ (xr—1 + sk—1) — J232—1)

2

— diag(J18},_1)V ' (wh-1 + sp-1) — J2si_y

)

2
<F'(z* +8%) + VI (@p—1 + sp—1) | (Tho1 + sp—1 — (2% +57))
+ VI (@h-1+ sk-1) " (_ Vi@e-1) Vf'(xr-1+sr-1) = Vf(@p-1)

Ty L 2L

L 2L

L H_Vf(ﬂﬁk—l) Vi (@e—1 + sk—1) = Vf(zr-1)

Ty L 2L

— diag(J18;,_ 1)V (Tk—1 + Sp—1) — J23§€1)

2

9

— diag(J18,_1)Vf (-1 + sk—1) — 28}

where in the second step, we import the L20 model’s in OOD update process defined in equation 31. In the third step, we
apply the definition of convexity on F’.

We make the following reformulation and denote the update on virtual variable s as Asg_1:

F'(zp, + sg) — F'(x* + %)
SV (@h-1 4 s5-1) " (Tho1 + sp—1 — (2% + 5%))

Vf(x,_ Vi (xp_1+sk-1) — Vf(xi_ .
+Vf/($k_1 —|—Sk_1)T (_ f(Lk 1) _ f( k—1 7€2£) f( k 1) _dlag(JIS;g_l)Vf/(xk—l +5k—1) _J2S;€_1)
L| Vf(zi_1) V' (zp 1) = Vf(@p 2
+5 ‘ f(zk ) _ V@ 1+SI€2Ll) J(@r-) — diag(Jysj, 1)V (xr—1 + sp-1) — Jasp ||

=V [ (sk-1+ 2p-1)" (sp-1 + 21 — (s* + 2%))
+ VI (sk-1+zRo1) "

(mkl - W — 2 = ((sp—1+ @p—1) — (s" + 2%))

Vi (xp-1+ sk-1)— Vf(x- ) .
+ sp—1— ( e k2L1) fes) +diag(J1s), )V f' (w1 + sp-1) + J2s ) =5 )
Asp_1
L Vf(xp_
+ o |[FR-1 % -z - ((sk_l +ap—1) — (" +x*))

Vi (zr—1+sk-1) = Vf(rp_1)
2L

s — + diag(J18,_1)V [ (@p—1 + sp—1) + Josj,_; —s*

b

Asp_1

where we place right-hand side items according to whether they are updates for x_; or sy—;. Then, we can simplify the



above inequation with Asy_; as follows:

F'(zp, + sg) — F'(x* + %)
<V (sk—1+ @p—1) " (Sk—1 + o1 — (5" + 2%))

+ V' (sp—1+ K1) " (%-1 - %’ﬁ_l) — & 4 sp—1 — Asp1 — 5 = ((sh—1 + @p—1) — (5" + x*)))
+ §ka71 — % — x4+ 51— Asp_1 — 8 — ((sk,l +xp_q)— (5 + x*))‘ 2,
=Vf (k=1 4 ze-1) " (Sk—1 + Th1 — (8" + 2%)) = Vf (551 + 2p—1) " (Sh—1 + 251 — (8" + 27))
+ Vi (sho1 +xp_1) " <$k71 - W — 2"+ sp—1 — Asp_1 — 8*)
EHIk—l - % — "+ 551 — Aspo1 — 8" — ((sp—1 + Tp—1) — (5" +x*))‘ 2,
=V (sp—1+ xk—1)T(33k—1 - % — "+ sp_1 — Asp_1 — 8*)
+ §H-Tk71 - % — & 4 sp—1 — Asp1 — 5* — ((sh—1 + 2p—1) — (8" + x*))‘ 27

where in the second and third steps, we combine the similar terms of the right-hand side.

We continue by expanding the quadratic formula of the right-hand side and making up new ones as follows:

VIt xk_l)T (%-1 B % a m*) + V' (sk-1+ l'k—l)T(Sk—l — Asp_1 —s")
N ngkfl - W — 2"+ skt — Aspr — 5" — ((sp-1 +2p-1) — (7 + x*))H2

:<vf/(8k71 +xp-n) - L((Skfl + 1) — (87 + x*)))T <$k1 — % — 2"+ sp—1 — Asp_q — s*>
+ % Th—1 — W —x" 4 81 — Asp_1 — §" ? " %H(Skﬂ F 1) — (5" _’_x*)"Q’

zg (2(Vf’(5k—1 + xp—1) _ ((Sk:—l ) — (s* +x*)))T <$k—1 3 M 2t Spq — Asp_g — S*)

L L
2)

Vf(rp-1)

+ |7p—1 — 7

L
— 2+ sp_1 — Asp_q1 — 8*2> + §||(sk_1 +apq) — (s* + 293

= ((sk=1 + Tp—1) — (s* + "))

L

2 ||V (k=1 + @E-1)
L

_L Vf Sk— 1+l'k ) Vflzr-) 4

5 k-1

L
5 (sk—1 +zp—1) = (" + )|,

where we expand a quadratic formula in the first step and make up a new quadratic formula in the second and thrid steps.



We add an extra term £ || (sy, + zy) — (s* + 2%)||? — £||(sk + z1) — (s* + 2*)||? to expand the second quadratic formular:

)

— Asp_1 : — H V[ (sk=1+Tk-1)

L ((snm @) = (57 +2)

L (||Vf (k-1 +ak-1)  Vf(wr-1)
2 L L

L
(i + @) = (7 + 2")I” = Sl (sk + @) = (s + 27|

2

L L
+ S lk-1 +ae) = (" + 2 +

S
2
_L < HVf’(8k1 +zp-1)  Vi(ze-1)
2

— Asj—
17 7 Sk—1

2
— (k=1 + 2p-1) = (" +27))

||V (sk—1 + 2k-1)
L

+ (st +2x) = (57 + w*)ll2>

| &

* * L * *
(k1 + @-1) = (" + 2" = Sl (sk + ) = (s + 27|,

va/(sk—l +ak-1)  Vf(ze-1) ?

L LAk

+
L I I
2 + Sl (shor +aim1) = (5% + @) = Sl (sn + ) = (57 + 2P

+

, T
(55 + 20) — (Sk1 + 261) + V' (sk-1 Jritk—l))

L

(Sk + Sk—1 + @k + T—1) — 2(s* + ™) — T

A~ —~ 7

V' (sk—1+ !Ek1)> )

Based on the definition of x and s updates, we can further combine the first and second terms in the above formulation
after expanding the first quadratic formula:

2

— Asp_1

L (|| Vf(sk=1+xp-1)  Vf(wr-1)
2 L L

Vi (sk—1+ £L’1f—1)>T

+ ((Sk + .Z‘k) — (Sk_1 + l'k—l) + 17

Vf’(sk,z—k xk1)> )

((sk + Sp—1+ Tk +xp—1) —2(s" +2") —

L * * L * *
+ 5l skor +ze) = (" + )17 = Sl sk +21) = (7 + 2",

L < (vf/(s’“‘l tan1) Vi@

-
=5 T 17 ) — Askl) (2(8/6,1 + .%‘kfl) — 2(8>’< + x*)

Vf (Skfz"‘ Tp-1) Vf(zk—l) ~ Asp_+ \i (S’“*L—Hj’“*l) - Vf(zkfl) — AS}cl))

L
[(sk—1+ zp—1) — (5" +2")||* — §||(Sk +ap) — (5" + 277,

L
2
’ T
< (Vf (Sk—l + xk-—l) o vf(xk—l) o Ask—l) (2(3k—1 +-rk—1) _ 2(8* + .’13*) _ QM _ QASk_1)>
L
2

L L L

I (Vf/(sk_l + J;k_1)

T
7 —&—xk—xk_l—i—sk—sk_l) ((sk+xk)_(5*_|_x*))

L L
+ Sl kor+ze) = (" + 217 = Sl sk +21) = (7 + 2"

10



We subsitute As;_1 back and sum over K iterations to get final multi-iteration convergence rate:

K
ZF’(mk +sp) — F'(z* + s%)
k

1
K T
Vi (sk-1+mp-1) Vf(re—1)
<L - — Asp_ —(s* *
< ;( 7 7 sp—1 ] ((sg +xx) — (" + %))
L i * (12 L * *) 112
+5 2 skt +zp-1) = (8" +27)" = Sl (s + 22) = (5™ +27)]%,
k=1
K , T
_ _ \Y% _
:L;<Vf (sk 2—!-1‘1@ 1) _ f(zk 1) _Ask—l) (o — 2" + 5 — 57)
- (33)
L 2 * * (|2
+ 5 (llwo — 2" + 50 = 87|17 — llox — 2" + s =57,

_Li (Vf/(xk_l +8k-1) = Vf(zp-1)

-
5T — diag(J18y_ 1)V (xp—1 + sk—1) — J23§€1> (v — " + s, — 8¥)

k=1

+ g(on — 2"+ 50— §|? = [lox — 2F + sk — 5*|?),

K T

\Y% /57 + Tr_ * *

:LE ( f(kz k 1)+xk—xk1+sk—sk1> (g —x* + s — s¥)
k=1

+ 5 (lzo =2 + 50 = 5"|* = llok — 2 + sk = 57]%).

Since we have demonstrated that there may be no convergence guarantees in each iteration, we cannot directly split
F'(xx + sk) — F'(z* + s*) from the left-hand side of the above inequalities, we denote that ming—q g F'(zg + si) —
F'(x* +s*) is minimal over F'(z; +s;) — F'(z*+s*),j =1, ..., K, which is a scenario that leads to the best convergence
rate upper bound. Without loss of generality, we can always find a k that minimizes all F'(zy +si) — F'(z*+ %),k € [1, K].

After rearrangement, we have the following two equivalent expressions:

. F/ _ F/ * *
i (zk + 1) (z" +57)
*||2

L L
S—on—x*—kso—s —§\|xK—m*+sK—s*||2

K K
L
— E "zp—1+ sk—1)" (zk + 55 — 2% — 5%) gki (zg + sk — Tpo1 — Sp—1) " (zp + 55 — 2 — 5%,

K (34)

L L
:—on —z* 4 59 —s*||2 — —HxK — s — 52

K
L Vi (xh_1+ Sp_
?E (x4 sp —2* — ") " (zp + sk — (Tp—1 + Sp—1 — f(kz kl))).
k

11



. F/ _F/ * £
(i ) = E T

L L
§§||wo —z* 4 59 —S*HZ — §||xK — ¥+ sk —s*||2

K

K

1 L
+ ;Vf’(xk_l + sp_1) (xp 4 sp —xF — 5" tK Z:: T+ 8K — Tho1 — Sk—1) | (Tg + 55 — 2F — 57, (35)
L L

:§||x0 4+ 50 — " — S*HZ — §||xK + s —a* — 3*||2
K X T

1 L _

+ e ;Vf’(ﬂ?kfl + Sk,1>—r($k +sp—a"—s")+ Ve ; (_W — A521> (:L‘k + s, —x* — S*)
O

The above results imply that there is no convergence guarantee in OOD scenarios.

If not OOD, which means both variable and objective are from the InD scenario, i.e., s := 0, f/ = f, the convergence rate
upper bound is as follows, which is precisely that of gradient-descent:

L
5||x0*$*+50*8*||275|‘$K7x*+sts*||2

1 & LI K
+ K ;Vf%xk*l +sp-1) (T + 55 — 2" — 5" ? ; T+ Sk — The1 — Sk—1) | (@ + Sk — 27 — 5¥)

« (36)

K
L . L . L Vi(zi— L Vix .
=§||xo—x||2—§||xK—x||2+EZ% e+ g > (I VD) (o, ),
k=1 k=1

L L
=S llzo = 27| = e — a* .

Note that s := 0 cannot lead to the convergence rate of gradient descent since the third term in equation 34 is non-zero
and cannot be eliminated. Such an upper bound is trivially upper bounded by:

F'(xp + sg) — F' (2" + s¥)

L * *
§||x0—x +5s0—s |\2——||x1<—x +sg—s" ||2+—2Vf Tt +8p_1) (zp + 8 — 2 — 5)
k=1
K
— Tp 4 Sk — Tho1 — Sp—1) | (Tp + s — ° — 5%,
Kkz:: (37)
L L 1
<§|| O—x*—i-so—s*Hz—§||xK—x*+sK—s*||2+E};HVf/(xkq+Sk71)HHCEk+Sk—x*—s*||
;K
—&—?Zka—&—sk—xk_l—sk_lHﬂxk—i—sk—m*—s*H.
k=1

12



Such an upper bound is trivially lower bounded as follows:

K

L
§||xofx*+so—s*|\27§||93K717*+5K—5*||2 Z (Tp—1 4+ sp_1) ' (zp + s — 2% — 5¥)
;K
+ 7 Z(:vk 48, — Tp_1 — sk,l)T(xk + s, — " — %)
= (38)
L L -
>3 llzo — 2" + 50 = 87 = Slloi — " +sx =577 - ZHVf zp—1+ sk-1)|| ok + sk — 27 — 57|

K
L * *
_?Zuxk—‘rsk—xk,l—Sk,1HH£L'k+Sk—$ — S ||

E
Il
-

8.7. Proof of Corollary 3

Proof. This proof derives the upper bound with respect to the magnitude of virtual input feature ||s’|| of the L20 model,
where s’ is proposed in Sec. 3 to formulate the difference between input features of the OOD and InD scenarios.

Substituting As)_, yields:

F'(zp + sg) — F'(x* + s%)

1 & L L
SE Vi (xr_1+sp-1) (xp +sp —a* — %) + §||xo + 89— x* —8*|* — §||xK + s —aF —5*?
=1
K T
L
P (T g ) st )
K (39)
1 L L
=% ;Vf’(xkﬂ +s5-1) (T + 8K — 2" —8F) + §||$o + 50 —a* —s*|? - §||x;< + sk —a* — s*|?
L~ (V@) | V@ tse) = Vi) oo, o Y
K Z T + 5T + diag(J1s,_ 1)V (zp—1 + Sk—1) + Jasi,_4

b
Il
—_

(g + sp —a* —s").
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By Cauchy-Schwarz inequality and Triangle inequality, we have:
F'(xp + s) — F'(2* + s%)

L L
SEHQZ'O + 59 — ¥ — §¥||* — EHxK +sx —a* —s%|?

K
+ % z:l (V' (zr_1+sk_1) — Vf(a:k._l))T (g + s — ™ — s¥)

K
L T
+% E —diag(J18,_ 1)V (@p-1 + sp—1) — Jasj_q)  (zp + s — 2" — 5%)

,_.

L
§5||~T0+80*96**5*||2 |I?

L *
*EHSEKJrSK*iE —s

=

+— S (V' (@1 +s6-1) = VF(@e-1) | (z + sk — 2" — 5%)

K
L . * *
420 S (diag@asi )V F (s + sno)| + [ Tosiy Dllan + s — 2 = '

k=1 (40)
L 2 * (|2
§||xo+so—x — 5" ——HxK—i—sK—m — 5"
T * *
va (@p—1 + sk—1) — Vf(zr-1)) (2 + s, — 2" — %)
k:
L K
% Z (Crvnllsi 1 IV ' (zr—1 + sk—1)[l + Cav/nllsi_q Dllzg + s — 2 — 57|
* * |12 L * * |12
:§||x0+so—x — 5" —EHxK—FsK—x — 5"
1 K T
+ o 2 (V'@ + s1m1) = V@) (ze + s —a” = 57)
k=1
L & L &
S ORI s + s+ 2 S ol + s — 2 — 5°lshs |
k=1 k=1
O

8.8. Proof of Theorem 3

This proof demonstrates that if the FP and GC conditions hold, the L20 model follows the structure defined in Theorem 3
and yields a unique solution at each iteration. We construct the proof by following the workflow proposed in [14].

First, we define our gradient-only input feature construction. Then, we apply the lemma proposed in [14] to construct a
few candidate parameter matrices. We propose a new formulation to achieve the two sufficient conditions, GC and FP. For
the non-smooth part r in the objective, we apply the proximal gradient method [10] as in [14] to solve a solution.

As the summation of two convex functions, F'(x) is convex on x. We have 0 € JF(x) that 0 € V f(z*) + Or(z). We
choose g, as V f(z*). When k — oo, by making the following denotation:

dp = de(Vf (%), =V f(2"),0),

where V f(z*) denotes gradient of optimal solution z*. In the above definition, O means the results of historical modeling
operator u reaching zero when k — co. Our following demonstrations will also derive the formulation of u to ensure such a
condition.

With dj,, we can rewrite the L20 update formula of k-th iteration in equation 8 as:

ap = 21 — A (VF(@r-1), g ve—1) + di(Vf(2%), =V f(2*), Vf(2*), =V f(2")) — di.
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gr € Or(xy) represents an implicit subgradient vector at desired xj, which yields the application of the proximal gradient
algorithm [14].
We assume that there are following bounded parameter matrices:

Jie R Tkl < Cvn, Vj=1,2,3,

where C' is the upper bound on the Jacobian matrix of d’s function space. Without loss of generality, such an assumption is a
general setting by setting a bounded activation function in machine learning [14].
Based on Lemma 1 in Section A.1. of [14], we can represent d;, with the above bounded parameter matrices as follows:

vy =1 — J1p(Vi(@r—1) = V(@) = Jon(ge + V(2")) = I3 1 (vk—1 — 0) — di,
=21 — J1p(Vf(r-1) = V(@) = Jan(ge + VI(2")) = Jon(Vf(zp—1) = V(")) + o x(Vf(zp—1) — V("))
—J3kvE_1 — dy.,
=1 — Jo ik V(@r-1) — J2k9k — I3kVk—1
— T = Tow)(V(xpor) — VF(z*)) — dp.

In the second and third steps, we unify the parameters for smooth part and non-smooth part by the —(J1  —Jo2 ) (V f(xr) —
V f(z*)) term. When k& — oo, the above equality becomes:

wp =rp1 — J2k VI (@") = Jok(=Vf(2")) = J340 — (Jrk — J2)(Vf(2") = V[(27)) - O,
=Tk—1,
where we define limy_,o, vx = 0. At each iteration, given a group of parameter J and b, the solution xj is uniquely
constructed. Based on the method proposed in [14], we construct such parameters by learning. We define the learnable

parameters as follows:
Ry :=Jd2,

Qi =3,
bl,k 5:(J1,k — J27k)(vf(xk_1) — Vf(l‘*)) + Czk.

Thus, the update of solution is given by:
xp =1 — RpVf(xr_1) — Regr — Qrug—1 — by k- 41)

As demonstrated in [14], all terms in by j, reach zero as the iteration reaches co. We note that all defined parameter matrices
are bounded by Lemma 1 in [14]. From Triangle and Cauchy Schwarz inequalities, b; j, is also bounded by:

brill < 20|V f(zx) = V()] + |-

Here, we eliminate the requirement on an extra parameter matrix to control the boundness of by j in [14]. Moreover, we note
that b; ;, can be arbitrarily defined, which means it may be either non-negative or non-positive. This observation implies that
both negative and positive implementations are available. In our implementation, we following [14] and use non-negative
b1,k

Then, we derive the update formulation for v. Following [14], we set the length of historical information 7" = 2. We
define the following operator to generate the historical feature vector vy:

v = up(Vf(Tr—1) + gr—1, Vk—1),

where we use explicit subgradient vector g;_1. As defined in Sec. 5, we can recover subgradient vector g after solving xy.
Based on the L20 model defined in equation 41, assume Ry > 0, we have the following equation to get the summation of
gradient and subgradient:

Vi (re-1)+gr-1 =Ry (xr—1 — 7% — Qrvp—1 — b1 k).

Moreover, we take a recurrent definition of the operator w, which takes the output of the last iteration v;_; as the second
input.
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Suppose 0 := u(0,0), which means when k& — oo, the inputs of u are all the gradient (and subgradient) at optimal
solution and the output of u converge to the gradient (and subgradient) at optimal solution as well. Suppose there are
following bounded parameter matrices:

Jix € R HJ]’JQH <+/nC, Vj=5,6.
Denote G—1 = Vf(zr—1) + gr—1, we have:
V. :uk(Gk_l, 'Uk—l) — u(O, 0) + 0,
=J5:(Gr—1 —0) + Jg 1 (ve—1 —0) + 0,
=J51Gr—1 + Js xUk—1 + T =I5 —J6,1)0,
=J51kGr1+ (T =I5 — J61)Gro1 + Jo pvp—1 — T =I5 — J6,1)(Gr—1 — 0),
=(I—J61)Gr-1 +J6pvu—1 — T —JTs5 % — J6,%)(Gr—1 — 0).

Here, we construct a reaching zero term G_1; — 0 w.r.t. Gg_1, which imply that Gj_1 may not be exactly equal to 0. We
define the learnable parameters as follows:

By :=J6 1,
bgyk ::(I — J57k — JG,k)(kal — 0)
Assume vg := 0, at k-th iteration, the historical information vy, is given by the following equation:
v = (I —By)Gr—1 + Brvg_1 — ba . (42)

Motivated by the momentum scheme in FISTA [5], we set By, to be negative semi-definite. Thus, vy, illustrates the momentum
of the gradient at x;_;. It is worth noting that the above formulation is more like the classical momentum method, different
from the Nesterov gradient method in FISTA [5] and Math-L20 [14].

At k — 1-th iteration, vg_ is yielded by:

Vg—1 = (I —Bp_1)Gr—2 + Br_105_2 — ba j_1.
Substituting v _1 into equation 41 yields the following complete formulation to generate x, at k-th iteration:
xp =xp—1 — RpVf(xp_1) — Rpgr — Qrur—1 — b1k
=xp-1 — RpVf(zp—1) — Qu((I —Bp—1)Gr—2 + Br_1v5—2 — ba k—1) — b1 1 — Rigx-

We follow the method proposed in [14] to derive a unique solution of x; based on the first-order derivative condition of
non-smooth convex optimization. For non-smooth convex objective r(x), 0 € dr(z) is a sufficient and necessary condition
for its optimality. We rewrite equation 43 as:

zp + Rpge = xp—1 — RegVf(zp—1) — Qu((I —Br_1)Gro2 + Br_1vp—2 — ba 1) — b1 .
Since gj, € Or(xy), we have:
p—1 — RV f(xr—1) — Qu((I —Br-1)Gr—2 + Br_10k—2 — ba 1) — b1 & € z + RypOr(z).
After rearrangement, we have:
0 € RyOr(zk) + zx — (vp—1 — RV f(zr—1) — Qu((I — Bg_1)Gr—2 + Br_1vk—2 — ba y—1) — b1 ) -
Given Ry, as a symmetric positive definite matrix, we have:
0 € dr(zy) + R (2 — (wh—1 — ReVF(@r-1) — Qu((I = B—1)Gr—2 + Br_1vk—2 — bag—1) — b1 k), (44)

where z;,_1 — Ry Vf(2p_1) — Qr((I—Bg_1)Gr_2 +Br_1vr_2 — b ,—1) — b1, are exactly calculated, we denote it as Z.
Then, based on first-order condition, x; can be uniquely solved by following the proximal operator:

(43)

z), = argminr(z) + (1/2)(z — ) 'R, (= — 2),
where taking = as the variable, 7(z) + (1/2)(z — ) "R, '(z — Z) is the mathematical integration of right-hand side of

equation 44.
In the experiments, we set R, Q, and B to be positive definite matrices by Sigmoid activation functions.
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9. Composite Case Results

This section introduces several more theoretical findings on the composite case where the smooth and non-smooth parts
in objective P are non-degenerated. Similar to the results in the smooth case of main pages, we derive several theorems
and corollaries on per iteration and multi-iteration convergence of the L20 model. We follow the proofs of the vanilla
proximal point method and proximal gradient algorithm (PGA) in [10] and [28] to derive our demonstrations for theorems
and corollaries, where we use a gradient map to represent the arg min operation for non-smooth optimization in PGA.

9.1. Preliminary

As in equation P, the objective of composite case is as below:
min f(z) + r(z),
x

where f(x) € Fp is a L-smooth and convex function and r(x) € F is a proper, convex but probably non-smooth function.

Notably, in the composite case, f(x) and r(z) are non-degenerated.

Based on the definition of L-smoothness on f(x), %’xTx — f(x) is convex [32]. Thus, for any points y, x € R", the

convexity of f yields the following upper bound of f(y):

L
fy) < f@) + V@) =)+ 5y — =] (45)
We take the definition of the k-th iteration update formulation given by the L20 model in [14] as below:
z =z — diag (N1 (2-1)) (Vf (ze-1) + g&) — Na(z,-1), (46)

where we set diag (N1(z;—1)) > 0 as a symmetric positive definition matrix and g, € Jr(x) as an implicit subgradient
value at x, [14]. We have the following reformulation of the above equation:

diag (N1 (21-1)) ™" (g = (21 — diag (N1 (2x-1)) Vf(w5-1) = Na(2-1)) ) + g6 = 0.
Since gi, € Or(x), we can represent the above equation with the following relationship:

0 € dr(zx) + diag (N1 (24_1)) " (ack — (wr1 — diag (N1 (25_1)) VF(25_1) — Nz(zk,l))).

Due to the first-order condition for convex optimization, as in [14], appling the proximal gradient method in [18], we can use
the following proximal operator to solve a xj:

PIOX giag (N (24_1)) 1 (l“k — (21 — diag (N1 (2-1)) Vf(z1-1) — N2(Zk71)))
. 1 . (47
=argminr(zy) + 3 |2k — (zr—1 — diag (N1 (25-1)) Vf(zr-1) — Na(21-1)) ||C21iag(Nl(Zk_l))_1 ,
T d

where the norm || - HP;l is defined as Ha:||P;1 := /2 TP} 'z [14]. From our definition in Sec. 2.1, the non-smooth function
7 is solvable. The arg min operation in the above operator will explicitly generate an optimal solution.

The unknown implicit process in arg min makes it hard to explicitly analyze the update from x;_; to x;. However, there
are precisely two parts in the above operator, i.e., the arg min operation on non-smooth function r and gradient descent
operation (xk,l — diag (N1(z-1)) Vf(zr-1) — Ng(zk,l)) on the smooth function f. We can regard the non-smooth
function r update as an implicit subgradient descent and combine the two parts into one proximal gradient descent with both
smooth and non-smooth gradients [28]. As in [28], the proximal gradient is named the gradient map.

Different from [28], we define the gradient map for L20 model in this work, denote as G'n, (z)(2x—1). To represent the
update from x;_1 to the x; given by the L20 model defined in equation 46, we define the it as following operations:

Gdiag(Nl(zk,l))*l (mk’—l)

= diag (N (24-1)) " (%—1 — PrOXgiag(Ny (24 _1)) " (zk—1 — diag (N1(2k-1)) Vf(zk-1) — Na(2k-1)) — Nz(zk—l))-
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Then, GNl(z)(a;k,l) yields the following update formulation from xy_; to xj, which is similar to the L20 model in the
smooth case.

Tk = PrOXdiag(Ny (25_1)) "} (fEk—l —diag (N1(2k-1)) Vf(2-1) — NQ(Zk—l))a 48)
= xp_1 — diag (Nl(Zk—1)) Gdiag(Nl(zk,l))*l(xk—l) - N2(Zk—1)~

Substitute the above xj’s representation with gradient map into the L-smoothness inequation in equation 45, we have the
following upper bound of f(zy) from L-smoothness:

Flow) < Floe) + Vi) e~ mea) + o~z
< flar—1) = Vi(ar-1) " (diag (N1(25-1)) G giag(Ny (21 (Tr—1) + Na(z5-1)), (49)

L. 2
+ 5 | diag (N2 (21-1)) Gy oy (@11) + N[

Moreover, we would like to construct the representation of V f(x_1) + gr by the gradient map. From the gradient
map definition in equation 48 and the L20 model definition in equation 46, we directly have the following equality of

Gdiag(Nl(zk,l))*l (‘Tk—l)

Ging(Ny (1))~ (@h=1) = V f(zr-1) + gk, (50)

where gi, € Or(zy) is the virtual subgradient of the non-smooth part r of objective. Thus, we have G (N, (2, ))~1 (Th—1)—
Vf(xk—1) € Or(xy), along with the definition of the convexity of r, for any x,¢ € R"™, we have the following inequality
between r(t) and r(z):

(1) > (k) + (Gaing(Ny (21 )~ (Tr—1) — Vf(xk—l))T(t — Tg).

After rearrangement, we have the following upper bound of r(z) with any arbitrary ¢t € R™:

r(@) < () — (Cag(N (or ) (@-1) — V(@) ( — xx). (51)

Finally, we present the following lemma to construct a general relationship between the objectives of any arbitrary two
points:

Lemma 2. Vz;,t € R™:

F(ar)
SF(t) + Gdiag(Nl(Zk—l))71(‘kal)—r(xkfl - t)

L
2

The proof is as follows.

2
G diag(N1 (2_1)) 1 (Th—1)

L

diag (N1(2k-1)) Gaiag(Ny (21 )1 (@k—1) + Na(2x-1) —
2)

Proof. First, based on the definition that Vo € R", F(x) = f(x) + r(x), adding r(zx) into inequality 49 yields a full
representation of objective F:

. Gdiag(Nl(zk_l))_l ((Ek,1)
L

F(zy)
<f(zr—1) — Vf(zr—1) " (diag (N1 (2k-1)) G iag(Ny (2 1)) (Th—1) + Na(2-1))

Ly .. 2
+ 5 [[diag (N1 (1)) Gatagerey () (@0-1) + Naeon) | + ().
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Since f is convex and differentiable, Vay,_1,t € R", we have f(xx_1) < f(t) — Vf(2r_1) " (t — 7x_1), adding it into
the above inequation yields:

F(x)
<FE) = Vi(e-1) " (t —2x1) = Vf(@r1) " (diag (N1(2k-1)) Ging(Ny (1))~ (Tr-1) + Na(2-1))

Ly .. 2
+ 5 i (N3 (21m)) Gy a2 () + Nt |+ 7).
Moreover, adding the upper bound of r(zy) in inequation 51 yields:

F(zy)
<F(t) = V(aeo1) " (t —2r1) = Vf(@r-1) " (diag (N1(25-1)) Gaing(Ny (1))~ (@r—-1) + Na(21-1))

Ly .. 2
+ 5 [[diag (N1 (1)) Gatagime, () (@0-1) + Nazo)|

+7(t) = (Gaing(Ny (s_1))* (Th—1) — V(ee1)) (f — (21 — diag (N1(25-1)) G giag(N, (2 1))~ (Th1) — Nz(ZIH)))

Then, we make the following rearrangement on the right-hand side of the above inequation:

F(xy)

<f(t) = Vi(@e1) " (t —ar1) = V(@r1) " (diag (N1(25-1)) Ging(Ny (1))~ (@r—1) + Na(2k-1))
+ g ‘ diag (N1 (2k-1)) Giag(Ny (z_1))~ (Th-1) + N2(Zk—1)H2

T .
+r(t) - (Gdiag(Nl(zk,l))’l(xk—1> - Vf(xk—l)) (t - (xk—l — diag (N1 (2k-1)) Gdiag(Nl(zk,l))’l(‘rk—l) - Nz(zk—l))>a

Ly .. 2
=) +7(t) + 5 |[diag (N1 (z1-1)) Cuagvy (4 (1) + Na ()
— Ging(Ny 2510y~ (@r—1) T (t = (21 — diag (N1(25-1)) Cging(n, (1)) (Th-1) — Na(25-1))),

:F(t) + Gdiag(Nl(Zk—l))_l (xkfl)—r(xkfl - t)

Ly .. 2
+ b Hdlag (N1 (2k-1)) Gdiag(Nl(zk,l))—l(fﬂk—l) + N2(Zk—1)H

- Gdiag(Nl(zk,l))*l (xk—l)T ( diag (N1 (2k-1)) Gdiag(Nl(zk,l))’l (zr-1) + N2(Zk—1))7

where we put f(t) and r(t) together and combine a similar term to achieve the simplification in the second step. In the third
step, we combine f(t) 4+ r(t) as F'(t) based on the objective definition.
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Finally, making up a perfect square between the last two terms finishes the proof:
F(xy)
:F(t) + Gdiag(N1 (z—1))" 1t (l‘k—l)T (Z‘k—l - t)

Ly .. 2
+ 5 |[ding (N1 (21-1)) Gutngan, () (@r-1) + Nz

- Gvdia»g(Nl(zkfl))f1 (xkfl)—r ( diag (Nl (Zkfl)) Gdiag(N1 (zk—1)) " (.’)3]9,1) + Ny (zkfl))7
=F(t) + Gdiag(Nl(zk,l))*l(xk—l)T(xk—l —t)

L .
+5 (|| diag (N1(25-1)) G aiag(n; (o))~ (Tr—1) + Na(zp-1) |2

2 .
= 7 Giag(i ()~ (@5-1) T (diag (N1(26-1)) Gatag(, (211~ (F-1) + N2(Zk—1)))
:F(t) + Gdiag(Nl(Zk—l))_l(xkfl)—r(xkfl - t)

L L
2

2
G iag(Ny (24 1))~ (Th—1)

L

diag (N1(2k-1)) Gaiag(N, (2,1 ))~* (Tk—1) + Na(2p-1) —
2)

We are ready to derive convergence analysis based on Lemma 2. We will iteratively apply Lemma 2 to construct the
difference in objective between one and last iteration and between one iteration and the optimum.

. CTYdiag(Nl(zk_l))_1 (xkfl)
L

O

9.2. InD Convergence Upper Bound

Similar to Lemma 1 for the smooth case, for the composite case, we propose the following lemma for per iteration conver-
gence gain to ensure the L20 model is robust in the InD scenario.

Lemma 3. ForVzp_1 € Zp,Vap_1 € Sp, if N1(2k—1) and No(zx_1) are bounded by following compact sets:

2
Nl(zk,l) € |:0, L1:| s

where g, € Or(xy), for any xy, generated by L20 model in equation 47, we have the following homogeneous derease on
objective:

Vf(xr-1) + gk

diag (N1 (2k—1)) (Vf(zr-1) + g&) + Nao(zk—1) — 7

L

< H Vf(xr-1) + gk

2
,VNl(Zkfl) € |:0, L1:| R

F(xk) — F(:L’kfl) S 0.

Proof. Based on Lemma 2, set ¢t := x;_1, we have the following inequation between two objectives:

F(Ik) - F(:Ck_l)
diag (N1 (2k-1)) Gdiag(Nl(zk,l))—l(xk—l) + Na(zp-1) —

).

To ensure F'(xg_1) < F(xk_1), we should keep right-hand side non-positive. Thus, we have the following inequality:

2
Gdiag(Nl(zk,l))’l (Tk-1)

L

(52)

Gdiag(Nl (zx-1)) " (zk-1)
L

Gdiag(Nl (z—1))" 1t (gjk—l)
L

. HGdiag(Nl(Zlc—l)r1 (Ik_l)"
diag (N1(2x-1)) Gaiag(Ny (z_1)) -1 (Th-1) + Na(26-1) — < :

L

(53)
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Similarly, we first freeze N2 (zx—1) and discuss N (z;_1)-only terms, which yields:

< HGdiag(Nl('zk—l))_l (mkfl)H

Gdiag(N1 (zk-1)) "t (wkfl)
= T )

L

diag (N1 (2k-1)) G aiag(N, (24 _1)) (Th—1) —

Gdiag(Nl(zk,l))’l (Tk-1)
L

HGdia Ni(zr_1 *1(5016—1)H
(L diag (N1(2_1)) — ) ‘g g(N1(z1-1)) .

L

Solve the above inequation, we have the following upper bound of N1 (z;_1):

Ny(zx-1) € [051} )

Furthermore, each choice of N1 (zx—_1) yields a range of No(z;_1). For example, N1 (z;_1) := 0 yields the following
inequality for Ny (z_1):

G diag(Ny (21 )~ (Th—1)
L

‘ < HGdiag(Nl(zk—ﬂ)*l(xk—l)H.

HN2(Zk1) - 7

Solve the above inequation, N (zj_1) is bounded as follows:
2
Ny(zr-1) € |0, Z|Gdiag(N1(zk,1))*1 (Tr—1)l] -
For example, N1 (z5_1) := %1 yields:

2
NQ(Zk—l) € |:L|Gdiag(N1(zk_1))1(xk_1)|’0:| .

Replacing the G ;0 (N, (2, 1))~ (Tk—1) in inequation 53 with G g0 (N, (2,1 )) -1 (Tk—1) = V f(zk—1) + g in equation 50
yields:

Similar to Corollary 1 for the smooth case, for the composite case, we propose the following corollary to achieve the best
robust L20 model with the largest per iteration convergence gain.

Vf(zk—1) + gk

diag (N1 (25-1)) (Vf(2r-1) + g&) + Na(2x-1) — 7

< H Vf(re—1) + gk
- L

O

Corollary 4. For any z;,_1 € Zp, we let:
1
Ni(zg-1) == Zl,Nz(qu) =0,
the Math-L20 model in equation 6 is exactly gradient descent update with convergence rate:

Faek) = F(z7) lwo — 2|1

< =
2K

Proof. In the last term of inequality 52, the best convergence gain yields:

Gliag(Ny (25_1))~ (Th—1)
L

diag (N1(2x-1)) Gaiag(N, (z_1)) -2 (Te—1) + Na(26-1) —

’ — 0. (54)
Ni(2;-1) = +1,N2(2z—1) = 0 is a feasible solution.
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Given N1 (z,-1) = %1, Ns(zk—1) = 0, the update formula in equation 48 is:

1
T = Tkp—1 — ZGdiag(Nl(zkfl))fl (l'k_l). (55)

Based on Lemma 2, set ¢ := x*, we have the following inequality between the objective at k-th iteration and the optimum:

SGiag(Ny (25_1))~1 (zh-1) " (Th1 — %)

L
2

2
Gdiag(Nl(zk_l))_l (xkfl)

L

diag (N1 (2k-1)) Gaiag(N, (2 1))~ (Tr—1) + No(2k-1) —

2)
L
:Gdiag(Nl(zk,l))*l(xk—l)T(xk—l -z ) - 5

G diag(Ny (2_1))~ (Th—1)
L

2
Gdiag(Ny (z_1)) " (Th-1)

L

2

L 2 T * Gdiag(N (21— ))*1($k71)
25 ZGdiag(Nl(Zk—l))_l(xkfl) (xk—1 —x ) _ 1 kLl ’
2
L * * Gdia N (zn_ —1({Ek,1)
=3 lep—1 —2 ||2 —Nzpy — 2 — g(N1 ( kLl)) ’
L . .
25(”1%—1 —2*||? — ||k — =¥]?),

where in the second step, we apply the equality in equation 54 and remove the degenerated terms. In the 4th step, we make
up a perfect square. In the 5th step, we apply the L20 model’s update formula in equation 55.
Sum over K iterations yields:

B

Flrk) = Fa") < g (oo = 2"|* = lzx = [*) < 53z lwo — 27| (56)

L
2K

=

OOD Definitions

We first derive some preliminary formulations before the convergence analysis for OOD scenarios.

We make the following assumptions identical to those in the smooth case. Suppose z, Z, 2’ € Z are input feature vectors
of the L20 model. There exists a vector @ € [0,1] that 2’ := az + (1 — «)Z,2’ € Z. Denote virtual Jacobian matrix of
N;(2') and N2 (2’) at point 2" as J; and Js.

Since Ny (z) and N3(z) are smooth, due to the Mean Value Theorem, we have the following equalities:

N1(Z):N1(2)+J1(Z—5), NQ(Z):N2(5)+J2(Z—Z).

As demonstrated in the preliminary of the smooth case, we have ||J1|| < /nCy, and ||J3|| < /nCs.

Given a virtual variable s € R” to represent the OOD shifting on variable x, define the virtual feature (difference of
L20 model’s input feature between OOD and InD scenarios) as s’ = [s,(Vf/(z +s) — Vf(x))",(¢' —g)"]", where
g € Or'(x + s),g € Or(x) are subgradient instances of OOD and InD scenarios respectively. We have the following
equations to formulate the L20 model’s behaviors in OOD and InD scenarios:

Ni(z+58)=Nyi(2) +J1(z+ 5 —2) =Ny(2) + J1 ¢

57
No(z +8') = Na(2) + Ja(2 + 8" — 2) = Na(2) + Jas'. ©7
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Based on Lemma 2, Vz;, € Sp, s, € R™, OOD yields the following inequality between any two values of objective:

F/(l‘k + Sk)
<F'(t) + Gaiag(N (sn_1+s,_ )~ (Th-1 + 56-1) | (Th—1 + 551 — 1)
Ly ..
+ 5 || diag(N1 (21 + 8t-1))Gdiag(Ny (251 s, )1 (@k—1 + 85—-1) + Na(2k-1 + 8}, _1) (58)
2 2
B Giag(N: (25145, )1 (Te—1 + 8k—1) ‘ L Giag(N: (25145, )1 (Te—1 + 8k—1) ‘
L 2 L '

For gradient mapping, OOD yields:
— diag(Ny (k-1 + $_1)) " (2% + sk — (zr—1 + sp—1 — diag(N1(2u—1 + 84_1))VF (@e-1 4+ s6-1) — No(26-1 + sk_1)))
= — diag(Ni (251 + 85,_1)) "
(l’k—1 + sp—1 — diag(N1 (21 + 8k 1)) Gliag(Ny (2 s 45, )~ (Tr—1 + Sk—1) = Na(zp-1 + s},_1)
— (zp—1 + sp—1 — diag(Ny(zk—1 + 54, 1)) V" (2p—1 + sx-1) — Na(zp-1 + 5},_1)) >,
=G iag(Ny (s 45, )~ (Th—1 + 85—1) = V(@1 + s5-1),

where we use G’ _, to represent the gradient map in the OOD scenario.

diag(Nl(zk_1+s;€71))
Moreover, similar to equation 50, we have the following formulation of using gradient map to represent gradient and

subgradient in the OOD scenario:
Glig(Ny (s1_14s,_ )1 (@h—1 + 85—-1) = V[ (Th—1 + s5-1) + gk, (59)

where g;. € Or'(z, + si).
Similar to Assumption 1 for the smooth case, we derive the following assumption to ensure the most robust L20 model
for the composite case.

Assumption 2. After training, Va1 € Sp,Vzr—1 € Zp, N1(2k-1) = %1 and Na(zi—1) := 0.
9.3. OOD Per-Iteration Convergence Gain

Based on the Lemma 3 and Corollary 4, Assumption 2 leads to an L20 model with best robustness on all InD instances. In
the following theorem, we quantify the diminution in convergence rate instigated by the virtual feature s’ defined in Sec. 3.

Theorem 4. Under Assumption 2, there exists virtual Jacobian matrices J1 y—1,J2 -1,k = 1,2,..., K that OOD’s con-
vergence improvement of one iteration is upper bounded by following inequality:

F/({L‘k + Sk) — F/((Ekfl + Skfl)

<_ IV (2h—1+ sk—1) + g * n L
2L 2

| diag(J1s), 1) (VS (@p—1 + sk—1) + gi) + Jasi, 1|17,

where g, € Or'(xy + si).

Proof. From equation 57, we have the following reformulations of N1 (z;_1 + s;,_;) and Na(2zx—1 + s}, _;):
Ni(zk-1 + 8_1) = Ni(z-1) + J1s8)_1,
NQ(zk_l + 82_1) = NQ(Zk_l) =+ Jgsgf_l.

Substituting the definitions of N (2;_1) and No(z_1) in Assumption 2 yields:

1
Ni(zp—1+8,_q1) = El +J18% 4

No(2k—1 + 8j_1) = J28),_1.

(60)
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We then apply construct inequality between objectives of two adjacent iterations. Substituting ¢ := zy_1 + si—1 into
inequality 58 yields:

F/({Ek + Sk) — F/(xk,1 + Skfl)

L
<=
-2

diag(N1 (2r—1 + 8% 1)) Gliag(Ny (21 +5,_, )~ (Th—1 + sk—1) + Na(2e-1 + 5}, _1)

Géiag(Nl(zk_lJrs;Pl))—l(xk—1 + Sk—1)
L

Géiag(Nl(zk_1+s;€71))fl (Tp—1+ Sp—1)
L

2

2
‘_L

‘ 2

Substituting equation 60 into above inequality yields:

F'(xk =+ Sk) — F/(xk_l + Sk—l)

/ 2
gé” diag(Jlsz_l)Géiag(Nl(Zk71+8;€71))_1(xk_l +sp_1) + Jash ||? — g Gdiag(Nl(Zkl"'S;C_z/))l(xkl + Sk—1) | .
Based on equation 60, we recover gradient and subgradient from gradient map:
F'(zp + sk) — F'(xgp—1 + sk_1)
< B T o " g1, )7 s+ ) 00+ sl
_ IVfi(@r ';‘Ekfl) +gill® g\ldiag(Jls;,l)(Vf’(mkfl o) 4 gl + Tas P
O

Moreover, we derive the upper bound of per iteration convergence gain in the following Corollary 5.

Corollary 5. Under Assumption 2, the convergence improvement for one iteration of the OOD scenario can be upper bounded
w.rt. ||s)._, | by:

F/(J}k + Sk) - F/(l‘k,1 + Skfl)

< IV (zr-1+ sk-1) + g}l
S - 5L +

(Ln*CRIIV ' (@1 + sk-1) + gk |* + Ln*C3) [Isfa |17,

where g;, € Or'(xy, + sk).
Proof. Based on Triangle and Cauchy-Schwarz inequalities, we have:

F’(xk + Sk) — F/(l‘k_l + Sk—l)

S\ (T ;Lskfl) + ol gll diag(T1s% 1) (VI (k1 + s6-1) + k) + Tasiall”,
< WP Cora L) FOIT | ) ding (s ) (95 s + ) + I + LilTash
< P 2D 2RI | g P19 e + ) + I+ L5t
< WP Cra E o) ST | 2009 p (s + sica) + b Pl 2+ Ln?C s
= VT b ) R (L2019 p s+ ) + 012 + InCD s 2
where g;. € Or'(z, + si). O
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9.4. OOD Multi-Iteration Convergence Rate

Theorem 5. Under Assumption 2, OOD’s convergence rate of K iterations is upper bounded by:

: F/ _F/ * *
i o) = T

< oo+ s0— 2" — 8*2 = ok + s — 2 — 5|2
9K o S0 X S oK TK SK x S

K T
L v ! -~ -~ /
+ e kg_l (:Ck; + 8k = Tp—1— Sk-1+ f@ns —ESk ) +gk) (T + sk — 2" —87).
Proof. We construct the relationship between k-th iteration’s and optimal objectives by substituting ¢t := z* + s* into

inequality 58 yields:

F'(zg + si) — F' (2" + s*)

/ T
SGliag(Ny (s 45, )~ (Th—1 + 5k=1) (Tp—1 + sp—1 — 2" — 57)

Ly ..
+ b} diag(N1 (zx-1 + s;cfl))G::liag(Nl(zk,1+s;c71))*1(xkfl + se-1) + Na(2p-1 + 55,_1)
2 2
G:iiag(Nl(zk71+S;c71))—1(I'k:—l + Sk—1) I G:ﬁag(Nl(zkiﬁS;il))_l (-1 + Sk—1) ’
L 2 L '

We eliminate InD terms by substituting equation 60 into above inequality yields:
F’(xk + Sk) — F/(.’Ek,1 + Skfl)
T * *
SGéiag(Nl(zk,l-&-s;@_l))*l(xkfl + Skfl) (xkfl tSk-1—T — 8 )

L

2
diag(Jlskfl)Giiiag(Nl(ZkflJrS;cfﬂ)*l(xkfl + Skil) + J28;€71H B 5

Gijiag(Nl(zk_1+s;€71))—1 (Tk—1 + Sp—1)
L

+2|
2

’2
Then, we recover the gradient and subgradient from the gradient map by substituting equation 59 into the above inequality
yields:

F/(mk + Sk) — F’(Qﬁk,1 + Skfl)
2

SV (@h-1+s6-1) + 95) (@1 +sk1 — 2" —5) —

L Vi (xp—1+ k1) + g,
2 L

2
)

L.
+3 ||diag(J1s) 1) (V' (@p—1 + sk—1) + gi) + Jas),_1 |

_L <2Vf/(xk—1 + i) T g

(61)

Vi (xr—1+ Sk—1)+ g,
L

=5 I (xk_l —+ Sp_1 — ¥ — 5*) — H

)

By the definition of C?’diag(l\h(%)),1 (zk—1 + sg—1) in equation 59, we can represent xj + sy, by the following equation:

L. .
+ 5\\ diag(J1s), 1) (V[ (zr—1 + se—1) + g1) + Jasi 4 |I*-

T+ Si = proxdiag(Nl(ZkflJrsgﬁl))_1(sck,1 + 81 — diag(N1(2k—1 + 8_1))Vf(xp_1 + sx—1) — No(zx_1 + 8, _1)),

=xp_1 + sg—1 — diag(Nq(zx—1 + 8;671))Giiiag(Nl(zk71+s§€_1))*1(xkfl + sg—1) — No(zk—1 + 8271)7

. 1
= Tp—1+ Sk—1 — dlag(fl + 184 1) (Vf (k-1 + sk—1) + g3) — J28)_1,

Vi (xk-1+ Sk—1)+ g

7 — diag(J185_1)(Vf (xr—1 + sk—1) + g1) — J2s)_1,

=Tg—1+ Sp—1 —
(62)
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where g). € Or'(xy, + si) is a subgradient vector.

Similarly, we aim to make up a perfect square in equation 61 with the above formulation of the update given by the L20
model in the OOD scenario. The demonstration is as follows.

First, in order to apply equation 62, we would like to make up several terms of equation 62:

F'(zi + sg) — F'(Th—1 + Sp—1)
L
<

7(2Vf’(xk,1 +551) T g5
-2

Vi (xp_ _
L (Tg—1 + Sp—1 — ™ — %) — | Iz 1-;8k 1)

+g;<:||2)
L. .

+ 5” diag(J1s}, 1) (V[ (zp-1 + sk—1) + g1.) + J2sp 1 |17,

L

5 (Q(diag(*l + 3185, ) (V' (@1 + sp—1) + g1,) — diag(J1sj,_1) (V' (@1 + s6-1) + ) (wh—1 + 551 — 2" —57)
— || diag(—=1 4+ Jysj,_ ) (V[ (xr—1 + sx—1) + g5.) — diag(Jys),_ ) (Vf (@p—1 + sp—1) + 92)”2)

L. ..
+ 5” diag(J1s}, 1) (V[ (zp-1 + sk—1) + g1) + J2sp 1 |17,

. 1
E(Q(dlag(zl + I8 1) (VI (@51 + s5-1) + g1,) + J28) 1
. T * *
— diag(J1sy 1) (Vf (@p—1 + sk—1) + g) — J2sj_1) (Th—1 + sp—1 — 2" — 5%)

. 1 .

— || diag(=1 4 J1sj, (V' (wr—1 4 sk—1) + gi) + Jasj,_y — diag(J1sy 1) (Vf (xr—1 + s6—1) + g5) — J28L1||2)
L ..

+ EH diag(J18)_1) (V[ (@k—1 + sk—1) + g) + J2si_1 1%,

where in the first step, we makeup the diag(+1 + J1s}_;)(Vf/(zx—1 + sx—1) + g},) of equation 62. In the second step, we
makeup the Jos},_, of equation 62.

Then, we expand the quadratic term in the second line of above inequation’s right-hand side and merge similar terms:
F’(J}k =+ Sk) — F’(xk_l + Sk—l)

L
< —

1
— || diag(+

. 1 T * *
(Q(dlag(zl + I8, ) (Vf (@p—1 + sk—1) + g1) + Jash_1) (Tp—1 + sp—1 — * — %)
71+ Jisp )V (Th—1 + sk—1) + g) + 3252—1\\2>

. T .
— 2= (diag(J185,_ 1) (Vf (@p—1 + S5—1) + g&) + J254_1) (Th—1 + sk—1 — 2" — s¥)

L, .. 1 T, ..
+ 25((113.%‘(*1 + 18- (VF (21 + s5—1) + 1) + Jasi1)  (diag(Tisl ) (V. (@p—1 + sk—1) + gk) + J28%_1)

L, .. L, .
- 5” diag(J1s), 1) (Vf' (zp—1 + sk—1) + g1) + Jasi 1 I” + §|| diag(J1s),_1)(Vf' (ze—1 + sk—1) + g1) + Jasi 4 ||°-

Finially, we are able to make up a perfect square on the first two lines of the right-hand side:

) — F/(xkﬂ + Sk—1)
<Z(||aper + Sp1 — 2% — 5% = ||Tpo1 + Sp_1 — 2T — 5F — diag(%l FTush )V (@t + s1m1) + gl) — Jost 4 |I?)
- 2§(diag(315k-1)(vf'(xk-1 Fsk1) )+ Tosh_ 1) (Tho1 4+ sp1 — 2 — 57)
+ 2 (ding(F 1+ Tk 1) (VS s+ ) +-0) + Tas ) (Qig(Tash ) (9 (s +510) + 64) + Fasi ).
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Moreover, we can apply the update formula in equation 62 to simplify the above inequation as follows:

F/(lL'k —+ Sk) — F/(CL'k_l + Sk—l)

L
<G (ko1 + ko1 = 2" ="l = flog + 51 — 2" = 57%)
(63)

. T
— L(diag(J18),_ ) (VS (@r—1 + sk—1) + g1) + J2s),_1)
. 1
(xk,l + 51— —5" — dlag(zl + 18 1)(Vf (1 + Sk_1) + g5) — J28%71)7

where we replace the update on xy_1 + si—1 With xy + s, in the first line.

Similarly, we propose to maintain the InD update formula on 2;_1 as ¥y = 1 — L (xk’lzsk’1)+gk, which further
yields:

Vi (xk-1+ sk—1)+ g

Ty + Sp =Tp—1 + Sp—1 — — diag(J18j,_ 1) (V" (k-1 + sk—1) + g,) — T2} _1,

L
_ Vf(xp—1+sk—1) + gk
=Tk—1 — I
V ! _ _ /o v _ _ _
s f(xp=1 + sk—1) + g5, flrp—1+ sk-1) — gk — diag(J1s,_ ) (Vf (p1 + s51) + g4) — Tash_1,

L

where, we construct s by following equation:

V' (xk—1+ sk—1) + g, — Vf(@p_1 + Sp—1) —
L

Substituting above equation into right-hand side of inequality 63 yields:

Ik _ diag(J1s),_1)(Vf (k-1 + Sp—1) + 9i) — J28)_1-

Sk = Sk—1 —

F’(:vk + Sk) - F/(.’[k,1 + Skfl)

L
<G (lokar +sio1 = 2" =572 = llog + s — 2" = 5"[1%)

— L(diag(J1s)_1) (V[ (zp-1 + sk—1) + gi) + -]25;¢_1)T
1

Ll + 18, 1) (Vf (-1 + Sk—1) + g5) — JQS;cfl)?

(xk,l + sk—1 — ¥ — s — diag(

L
=S (lonos + 51— 2" — "2 = oy + 51— " = 5°|)

V' (xr—1+ sk—1) + 95 i Vf(xp—1+ sk-1) + gk .
7 Tp—1 — 7 — X

+L (xk-l-sk — Xp_1 — Sp—1+

V' (xr—1+4sk—1)+ g, — Vf(@r_1+ sp—1) —
L

+ Sgp—1 — gk _ diag(Jls;_l)(Vf'(xk_l + sp—1) + 92) - J23;c-1 - S*>,

P = lloe + sk — 2* = s*%)

Vf/(l‘k_l + Sk—l) + g,’C
L

:5(”.%]6,1 + Sp—1 — ¥ —s

+ L(xp + g — Tp—1 — Sgp—1 + )T(mk+sk—x*—s*).

(64)
Over K -iterations, we have:
7minKF’(Jck +s) — F'(z* + s%)
< E oo+ 50— " = 12 = S o + 5k — 2" — 57
—llzg + 59 —2* — s¥||* — —||z S —x* —s
<550+ so o 1Tk + 8K
K
L v ! _ . !
+?];(xk+skka_1fsk_1+ F(@x 1stk 1)+gk)T(9:k+skfz*fs*).
O
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Moreover, we derive the upper bound of multi-iteration convergence rate in the following Corollary 6.

Corollary 6. Under Assumption 2, L20 model d’s (equation 47) convergence rate is upper bounded by w.rt. ||s,._|| by:

min  F'(zg + sg) — F'(2* + s¥)

k=1,.. K
I K
2 2 * *
_2K||a:0+so—x —s*° = 2K||xK+sK—x o Z:Vf Tp_1+5p-1)) " (zp + sk —xF —5¥)
K
S WAGIT S (s + skl + VO + s — 2" — 57 sh
k=1

Proof. First, we rewrite the convergence rate upper bound as follows:

minKF’(zk +sp) — F'(2* + 5%)

yeeey

(Th + 8K — Th—1 — Sk—1) | (Th + s, — T* — 5%,

=
M=

L
—|lzo+ 80— 2" — s ||2 ||xK+sK—x*—s*H2+
2K

IA
§ ~
>
&

K
L 1
:ﬁ“zO‘i’SO —z* 75*||2 — 7K||$K + Sk —z* 75*H2 o E;(vf/(xk—l +5k—1))—r(xk + s _ ozt 75*)
X
EZ diag(J18,_1) (V' (Tho1 + 85-1) + g1) — J28}_1) | (2k + sp — 2° — s¥).
k=1

Next, we derive its upper bound w.r.t. ||s},_,||. Cauchy-Schwarz inequality and Triangle inequality yield:

min  F'(zg + sg) — F'(2* + s¥)
k=1, K
L ot s0—a* — 5P — Lo 4 sxc — 2 — 5"~

N \

K
5K ZVf Tp_1+ Sp— 1))T(3:k+sk—x*—s*)

_2K

K
L . * *
t % > (—diag(Iisj, ) (V' (we-1 + sk-1) + 1) — Jash 1) (2 + s — 2 — 57),

—|leg +sx —ax* —s¥|* — (V' (zp—1+ s6-1)) " (zk + s, — " —s¥)

L * *
< —
2K 2K £

N\H
M=

Il
-

_|_

K
L . "
=31 diag(Fy i) (VF (@ + 551) + g0 |+ 13ash o Dlen + s — 2 = 7).

1
— |z +sxk —xF —s ||2

K
T koK
T kzzlw wpoy + s51)) T (0 55— 2" = 57

K
L * *
?Z (VnCulls, A IV (@k-1 + sk—1) | + VnCallsi s Dllzk + 6 — 2™ — 57|,
k=1
:inm +s0—a* — %2 — L —|lzk + sk —x* —s*||* - ! i(Vf’(m +851)) (xg + 5% — xF —5¥)
57¢ I%0 7+ S0 o 1Tk + 8K Kk_l k—1 1 Sk—1 k+ Sk

(VRCLUIV f (@r—1 + su—1) || + VnCa) zk + s — &™ — s"[[[lsk. 1 |-

+
=
M=

>
Il
—
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10. Non-Smooth Case Results

For the non-smooth case, we set the smooth part in the objective of problem P to be zero f(z) := 0, and the objective
becomes:
min 7 (z), P)

xr
where 2 € Sp and r € Fp. Based on the definition, r(x) is proper and convex, where the “proper” means r(x) is trivially
solvable for any x.
In the OOD scenario, the optimization problem becomes:
min 7’ (2'), 0)
m/

where 2’ € Sp and r € Fo.
Based on the definition, r'(z) is still proper and convex. We can directly get the solution from:

2’ = argmin 7’ (2).
‘,L./

Thus, constructing a L20 model is unnecessary for the smooth case. We eliminate the demonstrations for this case.

11. Longer Horizon Case Results

In the smooth and composite cases, we have demonstrated convergence analysis per iteration and multi-iteration convergence
analysis for L20. Modern algorithms utilize historical information to accelerate convergence, such as Nesterov momentum
in FISTA algorithm [5] and long short-term memory in LSTM-based unrolling algorithms [14, 15]. This case establishes
convergence analysis with historical modeling in L20. We take the SOTA Math-L20 framework [14] to define the historical
modeling part, a general and problem-independent approach that ensures our proposed theorems are also general.

We first establish that the input features of neural networks should be consistent with the definition of L20 model d.
Suppose there exista d € Do (R™*™) — R™. Due to Lemma 1 in [14], for any 1, y1, T2, Y2, - - - , Tm, Ym € R™, there exists
matrices J1,Jo, ..., J,, that:

m
d(z1, 32, .. ) = d(@], 25, ) + Y Tz — ),
j=1

where J is j-th block of d’s Jacobian matrix at a interior point between [z{ , 24 ,...,zL]" and [z}, 23", . .. 2% "]".

The L20 is constructing such Js by learning [14]. Denote a NN as N; and its input feature vector as s. We propose the
following lemma to formulate s to at least include all variables of d.

Lemma 4. For any feature vector s such that J; = N;(s),j7 = 1,2,...,m, s should follows:
{x] zq,...,2]} Cs.

Proof. We prove the above lemma by contradiction. Suppose not, which means there exists a s’ that 3z; ¢ s’. Then for
xj,j7 =1,2,...,m, we have J; = IN,(s’) by the definition. First, suppose j # 4. Since d is arbitrary, =, is not guaranteed
linear with x; in d. Hence, x; should be one of the input features of N;. Moreover, suppose j = i. d is not guaranteed to
always be less than the first order on ;. Hence, x; should be one of the input features of IN;.

The above scenarios cause contradictions with the assumption that 3x; ¢ ', leading to the lemma’s conclusion. O

11.1. Preliminary

Similar to the composite case in Sec. 9. We make the following preliminary constructions. The objective is as follows:
min f(z) + r(z),

where f(z) € Fp, is a L-smooth and convex function and r(z) € F is a proper and convex function.
The definition of L-smoothness yields following upper bound of f(y) for Vz,y € R™:

F) < F@) + V@) Tty — o)+ Sy~ ol (©5)
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For k-th iteration, we use y;—1 € R™ to represent the historical information and use z;_; to represent the input feature
vector for the L20 model. The .20 model is defined as follows:

Ty = Tp—1 — d(zK-1),

where zj_1 is defined as z;_; = [z;cril, Vf(ze_1)T", g,j, y,;rfl], gr € Or(xy) [14]. Without loss of generality, yx_1 repre-
sents the result of any historical modeling methods. For example, we can use neural network models to achieve momentum-
like modeling [14].

Utilizing T' to denote the number of iterations in historical modeling, following [14], we set T' := 1. Inductively, we
define yj_1 as:

Yk—1 = (I — diag (N4([Ull1a Ul—crfz]T)))kal + N4([Ul—crfl7 Uljfz]T)Uk% + NS([UI—LD Ul-crfz]T%

where N4 € D¢, (R?") and N5 € D¢, (R?") are two neural network operators of the L20 model. v € R™ denotes an input
vector. Without loss of generality, such a definition covers any historical modeling methods with any feature selection. For
example, v can be a variable x [14], a gradient V f(x) or a subgradient g € Or(x).

We are ready to demonstrate convergence analysis for longer-horizon cases. We focus on two kinds of historical fea-
ture selections: the horizon of variable x’s sequence and [14] the horizon of gradient V f(z)’s (and subgradient 9r(z)’s)
sequence(s).

Variable Method

The variable method is from [14], where variable features are utilized to model the historical information. First, the neural
network models’ input vector zj_1 is defined by:

Rk—1 = [55;71, vf(xkfl)—r’gl—crayljfl]—rv (66)

where gy, € Jr(xy) is a subgradient vector. And y;_1 denotes the feature from historical modeling. Then, the update given
by the L20 model d is defined as:

x = xp—1 — diag (N1(2x—1)) Vf(2r_1) — diag (N1(2x-1)) gr — diag(Ns(zx—1))(yr—1 — 1) — Na(2p_1).
In this case, we use variable x to construct the input vector v for historical model N4 and denote uj_; := [x;_l, x;_z]—r.
Based on Lemma 1 in Section A.1. of [14], we define historical modeling result y;_; as a linear-like combination of zj,_1
and xp_o:

yr—1 = (I — diag(Ny(ug—1)))wx—1 + diag(Ny(ug—1))rr—2,

where we eliminate the reaching zero bias term in [14].
Based on [14], we define the L20 model as:

z = xp—1 — diag (N1(2k—1)) (Vf (@k—1) + gr) — Na(zx—1)
— diag(N3(zx—1)) diag(Ng(ug—1))(—2k—1 + Tg—2),

where we set diag (N (z5_1)) = 0 and gy is an implicit subgradient value at z;. Moreover, we omit all bias terms since
they are demonstrated to vanish along iteration [14].

Assume diag (N1(z;—1)) is a symmetric positive definite, similar to those in the composite case, we have the following
necessary and sufficient conditions from the definition of the convex function r:

diag (N (z5_1)) " (xk — (w51 — diag (N1 (25_1)) VF(25_1) — Na(2_1)
— ding(No(zp—1)) diag(Na(ur—1)) (=zx-1 + 71-2)) ) + g2 = 0,
0e 6T(Ik) + diag (Nl(zk_l))_l (l‘k — (l'k'—l — diag (Nl(zk_l)) Vf(l’k_l) — Ng(zk_l)

— diag(N3(2,—1)) diag(Na(ug—1))(—2k-1 + xk—2))>,

(67)
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which yields the following proximal operator:
PIOX ding (N (25_1)) 1 (zr—1 — diag (N1 (2x-1)) V.f (zk—1) — Na(2x—1) — diag(N3(zx—1)) diag(Ng(ur—1))(—r—1 + T—2))

: 1 :
=argminr(zy) + §ka — (wp—1 — diag (N1(25-1)) Vf(zr-1) — Na(2-1)

— diag(N3(z5-1)) diag(Ny(ug—1))(—2r—1 + Tx—2)) )

diag(Ny (z5_1))" "
(68)

Gradient (and Subgradient) Method

This method utilizes gradient-related features to achieve historical modeling. First, the neural network models’ input vector
zk—1 is defined by:
21 = [V @) g uial (69)

where g, € Or(zy). And y,_1 denotes the feature from historical modeling. Compared with variable method in [14], we
remove variable z;_; from equation 66. Thus, compared with the variable method, y_; represents a different feature based
on the historical modeling method without the variable.

Similarly, in this case, we use gradient and subgradient to construct the input vector v for historical model N4 and denote
wi—1 = [(Vf(@r_1) + k1), (Vf(xr_2) +gx_2) "] . Forany z € R", we denote the lower bound and the upper bound
of Or(x) as Or(x)1, and Or(z)y, respectively. Based on Lemma 1 in Section A.1. of [14], using explicit subgradient, we
define y;_1 by:

yr—1 =(I — diag(Ny(wp—1))(Vf(2r-1) + gr—1)) + diag(Ny(wp—1))(V f(2r_2) + gr—2),
gr—1 =(I — diag(Ns(rx—1)))0r(zx—1)1 + diag(N5(re—1))Or (-1 )u
gr—2 =(I — diag(N5(rx—2)))0r(xr_2) + diag(Ns(rr—2))0r(r—2)uw,
x =xp—1 — diag (N1 (2x—1)) Vf(2r—1) — diag (N1 (2r—1)) gx — diag(N3(zx—1))(yk—1 — (Vf(xx=1) + gr—1))
— Na(2k-1),

Ns
N

where g € Or(zk), gr—1 € Or(zk—1), and gr_2 € Ir(zk_2), Tk—1 = [Or(wk—1), Or(zk—1).,) - In the second and third
equations, we apply two extra neural network models, denoted as N5 and Ng to learn subgradient vectors.
Based on our proposed L20 model in equation 43, the L20 model of gradient method is given by:

x =p—1 — diag (N1(zx-1)) (Vf(zr-1) + g&) — N2(2x-1)
— diag(N3(2k-1)) diag(Nél(wkfl))( — (Vf(xr—1) + ((T - diag(Ns(rx—1))) 9r(z—1)mw

+ diag(N5(rk—1))0r (zk—1)w) ) + V.f (zp—2) + (I — diag(N5(rr—2)))0r (xp—2) + diag(N5(Tk—2))87’($k—2)ub)),

where we set diag (N1(z;x—1)) > 0 and gy, is an implicit subgradient value at zj. Notably, in this definition, without loss of
generality, we make a simpification by setting Q = H and B = C in equation 43, which are defined as diag(N3(zx—_1)) and
diag(Ny4(wg—1)) respectively. Moreover, we take explicit subgradient longer horizon modeling of two subgradient values of
iteation k — 1 and k — 2 by (I — diag(N5(rg_1)))0r(xkr—1) + diag(Ns(rx—1)) and (I — diag(Ns(rx—2)))0r(rr—2) +
diag(N5(r,—2)) respectively. We also omit all bias terms since they are demonstrated to vanish along iteration in Sec. 8.8.

Assume diag (N1 (zx—1)) is symmetric positive definite, the necessary and sufficient conditions from convexity definition
are:

diag (N (z5_1)) " (mk — (w51 — diag (N1 (25_1)) VF(25_1) — Na(2_1)
— diag(Ny(zp1)) diag(Na(wn—1))(~(Vf (z5-1) + gr1) + Vf(2x-2) + g1-2)) ) + 96 =,
0e 6T(Ik) + diag (Nl(zk_l))_l (l’k — (Ik—l — diag (Nl(zk_l)) Vf(l’k_l) — NQ(Zk_l)

~ diag(Na(2-1)) diag(Na(wx—1))(~(VS (2e-1) + gem1) + VI (@rm2) + 96-2)) )

(70)
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which yields the following proximal operator:

PTOX ging (N (s1_1))~* (Zh—1 — diag (N1 (z1)) V(1) — Na(2-1)

— diag(Ns(z—1)) diag(Nyg(wr-1))(—(V f(2r-1) + gr—1) + Vf (zr—2) + gr—2))

1
—axgwmin(ex) + 5l — (@51 — diag (N1 (1)) V (26-1) ~ Na(z1) 7D

Tk

— diag(Ns(zx-1)) diag(Na(wr—1)) (—(Vf(@h-1) + gr—1) + V(@r-2) + gr—2))3iag(x, (211)) -

Gradient Map

As introduced in the composite case, we still apply the gradient map method to facilitate convergence analysis. We note that
both cases share a similar definition of gradient map. Utilizing a denotation P}, to represent the historical modeling results
in both cases, we can represent the update of the L20 model in both cases with the following equation:

xp = xp—1 — diag (N1(zx—1)) (Vf(xk_l) + gk) — No(z-1) — diag(N3(zk—1)) Px—1, (72)
where, in the variable method, Pj;_1 is conducted by:
P, = diag(N4(uk,1))(—xk,1 + mk,Q). (73)

In the gradient method, Py is conducted by:

Py, := diag(Ny(wg—1)) ( — (Vf(il?k_l) + (I — diag(N5(rg—1)))0r(zr—1)n + diag(N5(rk_l))ﬁr(a:k_l)ub) A
74)

+ Vi(zr—2) + (I — diag(N5(rr—2)))0r(zr—2)w + diag(N5(rk_g))ﬁr(xk_g)ub>.
Then, we define a gradient map G, (»)(zx—1) that:

G diag(Ny (zp_1))~ (Tr—1)

= diag (N (2_1)) " (fvchl — PIOXding(Ny (o 1)) (Tr—1 — diag (N1 (2x-1)) Vf(2r-1) — Na(z-1) — diag(N3(z5-1)) P—1)

—Na(zp-1) — diag(NB(zkfl))Pk71)~

And we can represent x, with Gy, () (2r—1) by:

T = PrOXging(N, (25_1)) L (mk,l — diag (N1 (2k-1)) Vf(ag_1) — Ng(zk,1)> — diag(N3(zx—1))Pr—1),
=Tk—-1 — diag (Nl(zk_l)) Gdiag(N1(zk_1))’1 (ZCk_l) — NQ(Zk_l) — diag(Ng(zk_l))Pk_l.

(75)

Substitute the above x;,’s representation into equation 65, we have the following upper bound of f(xy):
T L 2
fae) <f(zp—1) + VI(@p-1) (2p — k1) + Eka — xp-1]|%,
<flap-1) = VI (zr-1) " (diag (N1 (25-1)) Gaing(n, (o))~ (@h—1) + Na(z5-1) + diag(N3(z4-1)) Pr—1) (76)
L, . .
+ 5 | diag (N1 (26-1)) Gaag(Ny (s -1)) 1 (Th-1) + N (2k-1) + diag(N3(z—1))Pe—1 .
Similar to equation 50 in the composite case, we still have the following representation of gradient and subgradient:
Giag(Ny (2 1))~ (@r—1) = Vf(@k-1) + gk, (77)
where g, € Or(xy).

Similar to Lemma 2 in the composite case, the general relationship between the objectives of any arbitrary two points in
the longer horizon case is as follows:
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Lemma 5.

F(xr)
SF(t) + C';diag(Nl(Zk—l))_1 (‘rkfl)—r(‘rkfl - t)

L
2

2
G diag(Ny (25 1))~ (Th—1)

L

diag (N1(2k-1)) Gaiag(N, (2_1)) 2 (Fr—1) + N2(26-1) + diag(Nz(zx-1)) Pe—1 —
2)

The above inequation differs from that of Lemma 2 on the right-hand side. An extra term on historical modeling result
Py, exists. There are two different modeling methods to construct Pj_1, i.e. variable method in equation 73 and gradient
method in equation 74.

Gdiag(Nl(zk_l))’l (xk—l)
L

Proof. Workflow of the proof is identical to that of Lemma 2 with a additional but stable term diag(N3(zx—1))Pi—1.

First, we make objective F' and apply an upper bound from the convexity definition and gradient map.

F(x)
<f(@r1) = Vf(@r-1) " (diag (N1(25-1)) Ging(N (2_1)) -1 (Tr—-1) + Na (2 1) + diag(Ns(zx-1)) Pe_1)

L. . .
+ 5 | diag (N1 (2-1)) Gaiag(Ny (s1-1)) =1 (Th-1) + Na2(2k-1) + diag(Ns(2x-1)) Pr-1 12+ (1),

<f(t) = V(@p_1) " (t — zh-1)
— Vf(z—1)" (diag (N1 (2-1)) Gaiag(Ny (25 1)) -1 (@k—1) + Na(2k—1) + diag(N3(2k—1)) Ps—1)

L, . .
+ 5 | diag (N1 (2-1)) Gaiag(Ny (21 -1)) =1 (Zk-1) + N2 (2k-1) + diag(Ns (21-1)) i1 12+ r(an),

<f(t) = Vf(ep1) " (t—x1)
= Vf(ar—1) " (diag (N1 (26-1)) Gaiag(N, (24 _))~* (Th-1) + Na(25-1) + diag(N3(25-1)) Pi—1)

L, . .
+ 5\\ diag (N1(2k-1)) G giag(Ny (2_1))~* (Tr—1) + Na(2x 1) + diag(Ns(zr—1)) Pe1|?
T
+7(8) = (Gutngv ooy (@5-1) = V(1)

(t — (#x—1 — diag (N1 (2x-1)) Gaing(Ny (2 1))~ (@h—1) = Na(25-1) + diag(Ns(ZkA))Pkﬂ)).

In first step, we add 7 () to inequality 76. In the second step, we substitute the first-order condition of convex f on zj_1.
In the third step, we substitute the gradient map representation of the first-order condition of convex r on xg_;.
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Then, we make up the first perfect square:
F(x)
<ft) = Vf(xr1) " (t —zp-1)
— Vf(zr1) " (diag (N1(25-1)) G giag(Ny (2 1))~ (Tr—1) + Na(zp1) + diag(N (2 1)) Pe1)

L, .. .
+ 5 [l diag (N1(26-1)) Gaiag(y (z11))~1 (Zh-1) + Na(2-1) + diag(Na(zk-1)) Pe-1 |l

+r(t) - (Gdiag(Nl(zk_l))_l (Th-1) — Vf(fﬂlcfl))T
(t — (wr—1 — diag (N1(2-1)) Giag(Ny (2 1))~ (@h—1) = Na(2-1) — diag(Nz(zk—l))Pk—l))7

=f(t) +r(t) + g” diag (N1(25-1)) G diag(Ny (2 1))~ (Tr—1) + Na (251 + diag(N(zx 1)) Pe 1)

- Gdiag(Nl(zk,l))’l (xkfl)T

(t — (k-1 — diag (N1(2-1)) Gaiag(Ny (2 1))~ (@h—1) = Na(2-1) — diag(NS(Zkfl))Pkfl)),

=F(t) + Gging(ny (51 (@Th—1)  (Th1 — 1)

+ g” diag (N1(2k-1)) G giag(Ny (s_1)) - (Tk—1) + Na(zx—1) + diag(Na(zx-1)) Pe—1 [

— Ging(Ny (21~ (@h-1) " (diag (N1(25-1)) Ging(n, (2 _1)) - (@r-1) + Na(z 1) + diag(Ns(251)) Pr—1)-
Second perfect square:

F(ar)
<SF(t) + Ging(Ny (sx_ )~ (@r—1) T (xh1 — 1)

L . .
+5 (|| diag (N1(24-1)) G diag(ny (sx_1)) -t (Tr—1) + Na(2—1) + diag(N3 (2-1)) Pe-1[|®

2 , .
— 7 Gdiag(Ny (211 (zr-1) " (diag (N1(25-1)) Giag(Ny (21~ (k1) + Na(z1) + dlag(N?)(Zk—l))PkA)),

:F(t) + (;’diag(Nl(zk_l))’1 (xk—l)—r(xk—l - t)

L
2

2
G diag(Ny (24_1)) 1 (Th—1)

L

diag (N1(2k-1)) Gaiag(N, (24 1)) -1 (@k—1) + Na(2k—1) + diag(N3(2k—1)) Ps—1 —
2)

Similarly, we can derive convergence analysis by iteratively applying Lemma 5.

G diag(Ny (25 1))~ (Th—1)
L

(78)

11.2. InD Convergence Upper Bound

Similar to Lemma 3 in the composite case, we use the following lemma to ensure an InD robust L20 model in the longer
horizon case.

Lemma 6. ForVzp_1 € Zp,Vap_1 € Sp, if N1(2k—1), Na(2k_1), N3(2r_1) are bounded by following compact sets:

2
Ni(zx-1) € |:0, L1:| ,

2
VNl(Zk_l) € |:0, 1:| s

Vf(xr-1) + gk
L

< H Vi(@r—1)+ gk
- L

)

diag (N1 (2k-1)) (Vf(zr-1) + gr) + Na(zk-1) + diag(N3(2x-1))Pr—1 —

L
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where gy, € Or(zy).
Then, for any x. generated by L20 model in equation 68, we have the following homogeneous derease on objective:

F(:Ek) — F(Ik_l) S 0

Proof. The proof is similar that of Lemma 3 in the composite case with an extra diag(N3(zx—1))Pr—1 term.
We first freeze operator N, and N3 and derive the bound for N;. Then, each given N yields a bound for N5 and N3.
Based on the Lemma 5, substituting ¢ := x_1 yields the following upper bound of the objective decrease:

F({Ek) — F(.’tkfl)

L
<=
=

2
Glaing(N, (21 )1 (Th-1)

L

diag (N1(2k-1)) Gaiag(N, (24 1)) -1 (@k—1) + Na(2k—1) + diag(N3(2k—1)) Ps—1 —

)

G dig(Ny (s1_1) " (Th—1)

L

(79)

To ensure F'(xy) < F(z_1), we should keep right-hand side non-positive, which yields:
2

L . . CTVdi'o\ Ni(zk— 71(1‘]“*1)

2( diag (N1(2k-1)) Gaiag(N, (1))~ (@k—1) + N2 (2k-1) + diag(N3(2k-1)) Pe—1 — g1 ( ’“Ll))

2
Gaiag(Ny (1))~ (1) ) <0.
I <
After rearrangement, we have the following inequality:
. . G ia, z -1 ($k,1)
diag (N1(2k-1)) Gaiag(Ny (2,_1))~1 (@r—1) + Na2(2k-1) + diag(N3z(z—1)) Pe—1 — diag (M k;))

(80)

HGdiag(Nl(zk,l))*l (Tp—1) H
< .
- L
Similarly, we first freeze No(z;—1), diag(IN3(zx—1))Pr—1 and discuss Ny (zx_1)-only terms, which yields:

_ HGdiag<N1(zk71>)*1(Ik—l)H

Gdiag(Ny (z_1)) " (Th-1)
— L )

diag (N1(2k-1)) Gaiag(N, (21 )~ (Tr-1) — 7

Gdiag(Nl(zk,l))’l (Tx—1) HGdiag(Nl(z;ﬁl))’1 (Tx-1) H
L = L '

Solving the inequation, we have the following boundness for Ny (zg_1):

I(L diag (N1 (z-1)) — I)

Ni(zk-1) € {O,il} .

Similarly, each choice of Ni(z5_1) yields a pair of bounds for No(zx_1) and diag(N3(zx—1))Px—1. For example,
Ni(2zk—1) := 0 yields:

Inductively, freezing diag(N3(zx_1))Px—1 yields:

< HGdiagml(zkfl))*l(l"k—l)H.

Gdiag(Nl(zk—l))71 (@-1)
- L

Na(z-1) + diag(N3(zx—1)) Pe—1 — 7

< HGdiag(Nl(zH»*l(”J“k—l)H.

Giag(Ny (25_1)) 1 (Th—1)
- L

L

HN2(Zk1) -
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Solving the above inequation, we have the following boundness on N2 (z5_1):

2
Na(zr-1) € |0, L|Gdiag(N1(Zk—1))_l(xk1)|:| :
Then, if Na(z;—1) = 0, we can construct following inequality for N3(zx_1):

< HGdiag(Nl(Zk—l))71 (xkfl) H

G iag(Ny (24_1)) 1 (Th—1)
< 7 7

L

diag(N3(zx—1))Pr—1 —

which yields:

. 2
diag(N3(2x—1))Pe—1 € {0» LGdiag(N1(zk1))l(xk1):| :

If No(2p—1) = %Gdiag(Nl(zk_l))*l (xx—1), the inequality is:

HGdiag(Nl(zH»*l(xk—l)H
L 9

|[diag(N3(zx—1))Pr—1] <

which yields:

. 1 1
diag(N3(zx—1))Ps—1 € |:_L|Gdiag(N1(zk1))l(xk—1)|’ L|Gdiag(N1(zk1))l(xk—l)|:| :

Recovering the G ;.0 (N, (2, 1))~ (Tk—1) ininequation 80 with G ;0 (N, (2, _1))~t (Th—1) = V f(2—1)+gy in equation 77
yields:

Vf(xe—1)+ gk 1<l Vi(xk-1)+ gk

|| diag (N1(2x-1)) (Vf(zk—-1) + g&) + Na(zx—1) + diag(N3(zk—1))Pe—1 — 7 7 II,

where g, € Or(xy). O

Similar to Corollary 4 in the composite case, we present the following corollary to ensure a robust L20 model in the InD
scenario.

Corollary 7. Forany zy_1 € Zp, we let:

1
Ni(zp-1) := ZlaN2(2k—1) :=0,N3(2k-1) :=0,P,_1 :=0,

the Math-L20 model in equation 72 is exactly gradient descent update with convergence rate:

L
Flax) = F@") < 5= lleo — 7|

Proof. In the last term of inequation 79, the best convergence gain yields:

. . G diag (N1 (= ~1(Tk-1)
diag (N1(zk-1)) Ging(ny (s 1)1 (T5-1) + Na(zi_1) + diag(N3 (z_1)) Py — —ot@l ’“;)) = 0.
Ni(zp-1) = $1,Na(24—1) = 0,N3(z5_1) = 0, P,_1 = 0 is a feasible solution.
Given Ny (2_1) = %1, Ny (2k-1) = 0,N3(25—1) = 0, Py_1 = 0, the update formula in equation 75 is:
T = Xp—1 — ZGdiag(Nl(zk_l))_l('Tk_l)' (81)
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Based on Lemma 5, when ¢ := z*, we have the following inequality to evaluate per iteration convergence gain:
Fxy) — F(a")
SGdiag(Nl(Zk—l))_l (xkfl)—r (xk*1 - x*)

L
2

2
G diag(Ny (21 1))~ (Th—1)

diag (N1(2k-1)) Gaiag(N, (24 1)) -1 (@k—1) + Na(2k—1) + diag(N3(2k—1)) Ps—1 —

L
2
Gdiag(Nﬂzkﬂ))’l(xk—l)
L ’
G ( ) 2
* diag(Nq (zx—1)) "+ \Tk—1
:Gdiag(Nl(Zk_1))_1(xkfl)—r(l'k71 —z¥) — gl kLl ’
2
L2 T * Gdiag(Nl(zk, ))*1(9%—1)
~2 <LGdiag(Nl<zk1»1m-1> (251 — %) — T ,
2
L G ia, z -1 (XTf—
:5 (xk_l *x*H2 | diag (N ( k;)) ( k 1) >,
=5 (lwns = 2| = flzy = 2.
Sum over K iterations, we have the following InD multi-iteration convergence rate:
L - . )
F(zg) — F(z") S (||:L’o I = lzx — 2*||?) < on_x 2. 82)

T 2K
O

Based on Corollary 7, we further analyze the difference between such a constraint in the variable and gradient methods.
The definition in equation 73 and equation 74 yields the following two different conditions for two methods, respectively.

Variable Method:
diag(Ng(zk_l)) diag(N4(uk_1))(f:17k_1 + Ik_g) = 0,

where u;_1 = [kafl, 1272]T is the feature constructed with variable.

Gradient Method:
diag(N3(zx—1)) diag(Ny(we—1)) (= (Vf(@r-1) + gr—1) + Vf(2r-2) + gr—2) = 0,
where wi_1 = [(Vf(xr_1) + gr—1)", (Vf(zk_2) + gr_2) ] " is the feature from gradient and subgradient. Moreover,

there are two extra neural network operators, N5 and N, to construct the subgradient vectors g1 and gi_o, respectively:

ri—1 = [Or(zk— 1)1b,87'($k l)ub]
ez = [0 (Th—2)y, O (Tr—2)u) ",
= (I — diag(N5(r%—1)))0r(zr—1)1 + diag(N5(rr—1))Or (Tr—1)ubs
= (I — diag(N5(rr—2)))0r(xr—2) + diag(N5(r4—2))0r(Tr—2)ub-
We denote Up and Wp as feature spaces upon InD variable space Sp, which are similarly defined as Zp. Inductively, we
define that P;_; := 0 is given by Ny(ug—_1) := 0 and Ny(wg—1) := 0 in the variable and gradient methods respectively,
Yup_1 € Up and YVwy_1 € Wp.

We assume both the variable method and gradient methods when modeling longer horizon modeling achieve robustness
after training, as in the following assumption:

Assumption 3. After training, Vri_1 € Sp,Vzp—1 € Zp, Yug_1 € Up, Ywi—1 € Wp, N1(z-1) := 1 Ny(2zk-1) :=0,
N3(Zk,1) = 0, N4(’U,k,1) = O, and N4(wk,1) = 0.
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OOD Definitions

Similar to the composite case, we first derive some preliminary formulations for OOD scenarios before the demonstrations.
The following definitions follow the same workflow for those in the composite case.
Suppose z, Z, 2" € Z, there exists a « € [0, 1] that 2’ := az + (1 — a)Z,2’ € Z. Denote the virtual Jacobian matrix of
N1 (2), Na(z'), N3(2') at point 2’ as J1, Ja, J3, respectively, and ||J1|| < /nC1, [|J2|| < +/nCs, and ||J3]| < /nCs.
Since N1(z), Na(z), N3(z) are smooth, due to the Mean Value Theorem, we have the following equalities:

Nl(z):N1(2)—|—J1(z—2), NQ(Z):N2(§)+J2(2—§), N3(Z)ZN3(§)+J3(Z—2).

Given an OOD virtual variable s € R"™ (difference in variables between OOD and InD scenarios), we denote the virtual
feature (difference in L20 model’s input features between OOD and InD scenarios) as s’. For z + s’, based on Assumption 3,
we have the following representations of the L20 model’s outputs in the OOD scenario by those in the InD scenario:

Ni(z+8)=Ni(2) +J1(z + 8 — 2) = Ny(2) + J1 8/,
No(z +8') = No(2) + J2(2 + 8" — 2) = Na(2) + Jo, (83)
N3(z+ ') = N3(2) + J3(z + 8" — 2) = N3(2) + J35".

Further, for historical modeling operator N4, we have the following two definitions for variable and gradient methods
since different modeling methods have different input feature selections.

Variable Method

We take a similar construction to represent OOD output with InD output for N4. Suppose w, @, v’ € U where U denotes
variable space of operator Ny for the gradient method. There exists a « € [0, 1] that v’ := au + (1 — a)@, v € U. Denote
the virtual Jacobian matrix of N4 (u') at point v’ as Jy, ||J4|| < v/nCy, Ny(u') follows:

N4('LL) = N4(ﬂ) + J4(u - 'ﬁ)

Given two virtual variables sq,s3 € R™ (variable difference), the difference of neural network N4 between OOD and InD
scenarios ' is defined as:

u' = [s{,s9]". (84)
For u + v/, based on Assumption 3, N4(u) = 0, we have the following representation of OOD output with InD output:
Ny(u+u') = Ny(u) + Jg(u+ v —u) = Ny(u) + Jgu' = Jqu'. (85)
The OOD historical modeling result g}, of the variable method is given by:
Yr—1 = —Nu(up_1))_q + Na(uj_1) v} _o,
)

= —Ny(up_1)(xr—1 + sk-1) + Na(up_1)(zr—2 + sp-2),
= —diag(Jsu')(zp—1 + sp—1) + diag(Jsu') (xp—2 + sk—2).

The InD historical modeling result y;_; of the variable method is given by:
Yr—1 = —Na(ug—1)zr—1 + Na(up—1)z)—2 = 0,
Their difference between OOD and InD scenarios is given by:

Y1 — Yh—1 = — diag(Jau') (zp—1 + sk—1) + diag(Jsu’) (zg—2 + sk—2) — 0
= —diag(Jsu')(@r—1 — Th—2 + Sk—1 — Sk—2).
Based on the above definitions, at k-th iteration, virtual feature s’ (difference of features between OOD and InD scenarios)
of the variable method is defined by:
-
5;971 = [5;17 (V' (xr-1+ Sk—1) — Vf(x))T7 (92 - gk)T> (y;cfl - yk—l)T] )

(86)
= [8;17 (Vf (@r-1 4 s5-1) = VF@) " (g — 1) T, (— diag(Taw) (wr—1 — Tp—2 + sp—1 — 5k—2))

T}T
where g). € Or'(z, + si) and g, € Or(zy).
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Gradient Method

Similarly, suppose w,w,w’ € W, where WV denotes variable space of operator N4 for the gradient method. There exists a
a € [0,1] that w’ := aw + (1 — a)w,w’ € W. Denote virtual Jacobian matrix of N4(w’) at point w’ as J4, ||J4]] < /nCly,
Ny (w') follows:

Na(w) = Nu(w) + Ja(w — ). (87)

Given two virtual variable s;, so € R™ (difference of variables between OOD and InD scenarios), the difference of neural
network N4 between OOD and InD scenarios w’ is defined as:

=[(Vfmi+s)+g1)" — (Vi) +ag) (Vi@ +s2)+95)" — (Vf(a2)+92) "] (88)
For w + w’, based on Assumption 3, Ny (w) = 0,, we have the following equalities:
Ny(w +w') = Ny(w) + J4(w +w' = W) = Jq'. (89)

We eliminate the definition for N5 since we have defined it to be a diagonal matrix whose diagonal entries € [0, 1].
The OOD historical modeling result y;,_, of the gradient method is given by:

Ypo1 = —Nu(w)_)(Vf(x)_1) + gr_1) + Na(wy, ) (V' (2} ) + 9k _2)
= —Ny(wj,_ )(Vf (wh—1 + sk-1) + g—1) + Na(wj,_ ) (V' (2h—2 + sx—2) + gj_2)
= —diag(J4w') (V' (wr—1 + Sk—1) + gj_1) + diag(Jsw") (V' (zp—2 + Sk—2) + G_2)

The InD historical modeling result y;_; of the variable method is given by:
Ye—1 = —Ny(wp—1)(Vf(@r-1) + gr-1) + Na(wp—1)(Vf'(zr—2) + g)_o) = 0.
Their difference between OOD and InD scenarios is given by:

y;vfl —Yk—1 = — diag(J4w/)(Vf'(a?k71 +sp—1) + 9271) + diag(J4w')(Vf/(xk72 + sp—2) + 9272) -0
= — diag(J4w") (V' (xr—1 + sk—1) = V[ (Th—2 + Sk—2) + g1 — Gh_2)-

Based on above definitions, at k-th iteration, virtual feature s’ (difference between OOD and InD scenarios) of the gradient
method is defined by:

[Vf Thor+51-1) = V@) (g —90) T Whor — 1) ]

lVf Tho1+s6-1) — V@), (g —96) ", (90)

T
.
( diag(Jaw') (V' (21 + sp—1) = V' (xp—2 + sk-2) + gy — 9272)) ] ;
where g, € Or'(zy, + sy) and gi, € Or(zy).

OOD Update Formulation Similar to that in the composite case, based on Lemma 5, Vz), € Sy, s, € R™, OOD yields the
following inequality between any two values of objective:

F/(l‘k + Sk)
<SF'(t) 4 Gaiag(Ny (51145, )~ (@1 + 5k-1) | (k-1 + s5—1 — 1)

+ 5 || diag(N1(z5-1 + 85 -1)) Gaing (N, (55144~ (@1 + 88-1) + No (251 + 85, 1) + diag(Na(zp-1 + 85 1)) Py

‘ 2

Giag(N: (25145, )~ (Te—1 + Sk-1)
L

2
Giag(N: (25145, )1 (Te—1 + sk-1) L
L 2

oD
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Similar to the composite case, we directly get the following formulation for the OOD gradient map:
diag(N (21145, )1 (Th—1 + k1) = V' (k-1 + Sk—1) + G, 92)
where g;. € Or'(zk, + sg).
11.3. OOD Per-Iteration Convergence Gain

Based on the Lemma 6 and Corollary 7, Assumption 3 leads to an L20 model with best robustness on all InD instances.
Based on Assumption 3, in the following theorem, we quantify the diminution in convergence rate instigated by the virtual
feature s’ defined in Sec. 3.

Theorem 6. Under Assumption 3, there exists virtual Jacobian matrices J1 j—1,J2 k-1,d3 -1,k =1,2,..., K that OOD’s
convergence improvement of one iteration is upper bounded by following inequality:
F/(.’Ek + Sk) - F/(ﬁkfl + Skfl)

Vi (xp—1+ sp-1)+7q.l> L, .. .
< WV 2o D H I By g (s )V (s + s5m) + ) + Toshoy + ding(Tash 1) Pl

where g;. € Or'(xy, + si) and Pj,_, represents historical modeling result.

Proof. From equation 83, for operators N1, No, and N3, we have the following representations of OOD outputs by their
InD outputs:

Ni (251 + sp—1) = N1(zk-1) + J18}_1,

No(zp—1+sp_1) = Na(zr—1) + Josp_4,

N3(zi—1 + sp_1) = Na(2p-1) + Issp_1.

Substituting the definitions of Ny (z;_1), Na(2zx—1), and N3(z_1) in Assumption 3 yields:

1
L
Na(zk-1 + 8j_1) = J2s)_y
N3 (zk-1 + sp_1) = I35} _1.

Ni(zp—1+ s, 4) = 71+ J1s;

93)

We substitut ¢ := x;_1 + sx—1 into inequation 91 to construct the objective difference between two iterations:

F’(:vk + Sk) — F/(xk,1 + Skfl)

L .. .
<5 || diag(N1(zr-1 + $3-1)) Giag (N, (145,01 (T—1 + $k—1) + No(zp—1 + 85, 1) + diag(Na(ze-1 + 85 _1)) P
2 2
- Géiag(Nl(zk_l+S;671))—1(xk;—l + Sp—1) ‘ L G:iiag(Nl(Zk_1+s;€71))—1(mk—l + Sp—1)
L 2 L

By equation 93, we can represent the OOD outputs and achive the following reformulation:

F'(zk + i) — F'(zp—1 + sp—1)

L. . .
Sg” dlag(Jls;c—l)G:iiag(Nl(zk_1+s§971))*1 (-1 + s5-1) + Josj_y + diag(Jzsi_) Pr_4 ]|

‘ 2

Then, based on equation 92, we recover gradient and subgradient from the gradient map:

Géliag(Nl(zk,l—i-s;Cil))—l (l’k,1 + Skfl)
L

L
2

F/(.’Ek + Sk) — F/(xk,1 + Skfl)
<_ L || Vf'(zr—1+ sk-1) + g
- 2 L

_ IV f (xr—1+ sgp—1) "‘92”2
2L

2
L. . .
+ §|| diag(J18,_1) (V' (Te—1 + sk—1) + g1) + T2}y + diag(Tssh_1) Ph_q|1?,

L., . .
+ §|| diag(J1 84— 1) (V' (Th—1 + sk—1) + g1) + T2}y + diag(Jssh_1) Ph_y |-

40



O

For variable and gradient methods, based on Theorem 6, we have the following different theorems of per iteration conver-
gence gain.

Variable Method
From equation 85 and definition in Assumption 3, we have the following representation of Ny (u + u’):
Ny(u+u') = Jygu'.
For the variable method, Theorem 6 yields the following theorem of the per iteration convergence gain:

Theorem 7. Under Assumption 3, there exists virtual Jacobian matrices J1 j—1,J2 5—1,J36k—1,Ja6-1,k = 1,2,.. ., K
that OOD'’s convergence improvement of one iteration is upper bounded by following inequality:

F/(.”L'k + Sk) - F/(.%‘k,1 + Skfl)

< _ IV [ (zr—1 + Si—1) + g ||
- 2L
+ diag(Jssy ) diag(Jauj_y ) (= (21 + sp-1) + Tp—2 + sp-2)|%,
where g, € Or'(xy + si).

L, .
+ 5” diag(J1sy_1) (V' (xr—1 + k1) + g1) + J2s)_1

Theorem 7 yields following corollary for its upper bound:

Corollary 8. Under Assumption 3, the convergence improvement for one iteration of the OOD scenario can be upper bounded
w.rt. Sp—1 and Sk_o by:

F'(zg + sk) — F'(xp—1 + sk-1)
< _ IV (xh—1+ sk—1) + g} ?
- 2L
+ (LCRIV £/ @r-1 + 1-1) + g4I + LCF + LCFCE (st + 13—l i1 = 22 + 811 = i)

X (HSk—lH2 + IV (@p1 + sk-1) = Vi (@e—0)I* + llgk — gxll?
+ Ci (k1] + llsk—2l*) l2p—1 — -2 + s5-1 — 8k—2||2),

where g;, € Or'(xy + si) and gy, € Or(zy).
Proof. We iteratively apply Triangle and Cauchy Schwarz inequalities:
F/((Ek + Sk) — F/(.’Ek,1 + Skfl)
IV @her + sxm) + g2
- 2L
+ diag(Jssy ) diag(Jaup 1) (—(zr—1 + sp-1) + zh—2 + sx—2)[|,
< _ IV @+ s5) + g2
- 2L
+ L|| diag(J3sp,_1) diag(Jauj_1) (= (xh-1 + s5-1) + T2 + sp-2)||,
<_ [V f (@r—1 + sp—1) + g |2
- 2L
+ L[ Issh 1 [P Taug P[] = (zh-1 + sk—1) + r—2 + k2],
IV @ + s + gl
- 2L
+ LOFC[Ist— | It [P 2n—1 — 22 + sp—1 — sp—2]?,
IV f'(@r—1 + sk-1) + gil”
2L
+ (LCHIV S (whr + sk-1) + gh? + LCF + LOFC |2 w1 — a2 + 551 — snall?) sk I,

L .
+ §|| diag(J1s),_1 ) (V' (wp—1 + sp-1) + g;) + J2s;_y

+ L|| diag(J1s3_1 ) (V' (@r-1 + s5-1) + gi)|* + LI|T2sf_, |12

+ LI J1si [PV F (@1 + sr—1) + gi ) + LIT2s) 4 ]2 (94)

+ LOT|IV ' (@r—1 + sk-1) + g * sk -1I* + LC3 || sj, 4 [I?
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where g). € Or'(z, + si).
Based on the definition of )., in equation 84, we calculate its vector-norm by:

i1 1 = si—1, sk—2]1* = llsu—1ll* + l|sk—2]1*.
Substituting it into inequation 94 yields the following upper bound:
F’(J}k + Sk) — F’(xk_l + Sk—l)

< _ IV (xh—1+ sk—1) + g ?

- 2L
+ (ECHIVS (@hr + sk-1) + ghl? + LCF + LO3CH(snt I + llsn—21) w1 — was + sk-1 = suall?) sk I
95)
Moreover, the definition of sﬁc_l with variable method in equation 86 yields:
1 1> =llse—1l? + IV f/ (wh-1 + sx—1) = VI (@n-)* + llgk — gll” + || — diag(Iau') (zr—1 — Tr—2 + s6-1 — s5-2) I,

( ) = Vf(
skl + IV f' (zh-1 + s6-1) = V£(
k-1 l* + IVF (@r-1 + sk-1) — Vf(
( ) = Vf(
( ) = Vf(

wr—1)1? + llgr — gll” + || — diag(Jsu') (we—1 — Te—z + sk—1 — sp—2) 1%,

8

=|lsp—1|® + |V (xp—1 + sk—1) — Vf
<lsk—1|? + IV f (@r—1 + sx—1) = VF @r-1)I* + gk — g&ll> + CEW | lwn—1 — Th—2 + sp—1 — sp—2|1?,
=llsk—1l® + IV f (k-1 + sk—1) = Vf (@e-1)II*> + llg. — gx ]’

+ C3 ([|sk=1]> + lIsk—2l1?) lzk—1 — Th—2 + sk—1 — sk—2||*,

I?

Tk + [lgi = grll® + 1 3at' | |zr—1 — Th—2 + sp—1 — sp—2|*,

1)
1)
=) 4 gk = gill® + 1 Fand’ |21 — 22 + s-1 = sp—a]|?,
~1)
1)

where g;. € Or'(zk, + si), gr € Or(zy), and the third step is based on Cauchy-Schwarz inequality.
Substituting the above vector norm into the inequation 95 yields the final upper bound:

F/(l‘k + Sk) — Fl(.’L'kfl + Skfl)

IV s+ s1m) + gh?
- 2L

+ (LCHIV £/ @r-1 + 1-1) + g4I + LCF + LCFCE (st + 13—l i1 = 2z + 11 = i)

X (HSk—1H2 + IV (@p1 + sk-1) = V(@r—0)|I* + llgk — gxll?
+ Ci (k-1 + llsn—2l*) lon—1 — 22 + s5-1 = 8k—2||2),

where g;. € Or'(zy, + sg) and g, € Or(zy). O

Gradient Method

From equation 89 and definition in Assumption 3, we have the following representation of N4 (u + u'):
Ny(w+w') = Jqw'.
For the gradient method, Theorem 6 yields the following theorem of the per iteration convergence gain:

Theorem 8. Under Assumption 3, there exists virtual Jacobian matrices J1 j—1,J2 p—1,J36-1,Jak—1,k = 1,2,...
that OOD’s convergence improvement of one iteration is upper bounded by following inequality:

F'(zg + si) — F'(xk—1 + sk—1)

VS @1+ sk-1) Fgill® L

< o7 + §||diag(J18271)(Vf’(xk71 + 8k—1) + g1) + Jas_4

+ diag(J3sy,_ ) diag(Jawj,_1) (= (V. (@r—1 + sk—1) + ge_1) + V' (@h—2 + sp—2) + gr_2) %,
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where g;. € Or'(xy + si) and g;,_4, g, follow:
Ge—1 € (07" (xr—1 + Sk—1)1> Or' (Th—1 + Sk—1) ),
Gr—a € (01 (Tr—2 + sk—2)1p, O (Th—2 + Sk—2)ub)-
Theorem 8 yields the following corollary for its upper bound:

Corollary 9. Under Assumption 3, the convergence improvement for one iteration of the OOD scenario can be upper bounded
W.r.t. S—1 and Si_o by:
F/(il'k + Sk) — Fl(l'k,1 + Skfl)

< _IVF @+ s5) + g2
- 2L

+ (LnZCfHVf’(xk_l + sk_1) + ghll2 + LnC3
+ Ln*C3C3 (L2 (Isk—1l” + lsk—2I”) + llgh1 — gr—1l1* + lgk—2 — gr—2?)

X (L?||@p—2 + sp—2 — T—1 — sSe—1lI” + lgk_o — 9271”2))

X (llVf'(xk—l + sp-1) — Vf(xr—1)||> + llgk — gxl?
+n*CF (L2 (k=111 + lls—2l”) + lgh—1 — gr—11* + gk—2 — gr—2]l?)

X (L?||@p—1 + sp—1 — Tr—2 — sp—2||” + lgk_1 — 92_z||2))7

where g;, € Or'(xg, + sk), gj,_; € O’ (Tp—1 + Sk—1), and gj,_o € Or' (Tp—2 + Sg—2).
Proof.

F'/(LL']C + Sk) — F/(l'k,l + Skfl)
< _ IV (k14 sk—1) + g} |I*
- 2L

+ diag(J3s;,_,) diag(Jawy, 1) (— (V' (zr—1 + 55-1) + gh1) + V' (@h—2 + sx-2) + gr_a) I°,

V' (xp—1+ sk—1) + g, .
< W@ 2o D XAy ) (@51 )(TF (i + 55m0) + G+ LTashy

+ L|| diag(Jss),_,) diag(Jawy,_1) (= (Vf' (@r—1 + sk-1) + gh1) + VI (T2 + s5-2) + g12) I*,
o IV @+ sk1) + g2
- 2L

+ L3851 [IPTawh 1 [PV (@r—2 + sk—2) = V' (@r1 + s6-1) + Ghz — g%,
<. IVF (k1 +sk-1) + g I°
- 2L

+ Ln*Cyn® G ||sh 1 [P lwi 1 [IPIV f (22 + sk—2) = V' (@h—1 + sk-1) + b — gha I,

\V4 "2 + Sp_1) + /112
< VP A0V 290D 4 120219 1 s+ 510 + P sk + Ln2 G312

+ L' C3CE sk [P lwi—a 1P (IV £/ (22 + sk—2) = V' (@r—1 + se-1) |12 + 95—z — g1 ]1?),
IV @+ 5i) + P
= 2L

+ Ln* C3CF w1 [P (L |wn—2 + sk—2 — 2h—1 — sk—1lI” + |9h—2 — graI®) 181 17,
_ IVt +si) + gl

2L
+ (LnQCfHVf’(xk_l + sk_1) + ghll2 + LnC3

L, .
+ §|| diag(J1s)_1)(VF (wr—1 + sk—1) + i) + J25)_1

+ L st [PV F (@ror + su—1) + gk + Ll T2s) 4 |12

+ LYV f' (w1 + su-1) + gil*[Isk—1 1* + Ln?C3 |y |I®
(96)

+ (L®CE V' (wh—1 + sp—1) + gilI* + Ln*C3) |5y |12

+ Ln* C3CF [[wy 4 I* (L2l wk—2 + sr—2 — @p—1 — sr—all* + gk 2 — 92_1”2)) st 11%,
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where g;, € Or'(xp + Sk), g1 € Or'(Tp—1 + Sk—1), and gj,_, € Or'(xp—2 + si—2). The last step is based on the definition
of L-smoothness on f.

Based on the definition of wfcfl in equation 88, we calculate its vector-norm by:

Wi_y = [(Vf(@k=1+ 85-1) + ghe1 — VF@r-1) — go—1) T (VF(@h—2 + sp—2) + gh_p — Vf(Th—2) — gk—z)T]T

Thus, we have:

[wh_y 2
=V f(@e-1+ sk-1) + gh1 — VI (@r-1) — g1, VI (T2 + 55—2) + gho — Vf (r—2) — gr—2l®,
=[IVf(@r-1 4+ sk-1) = VI (@r-1) + g1 — gh—1, VI (@r2 + sk—2) = VI (Tr-2) + gh_o — gr—2®,
=[IVf(@r—1+ k1) = VIF(@r1) + geor — gr1* + IVF (@ho2 + sr2) = Vf(@h—2) + gho — gr—2l?
<IVf(@r1 +sk-1) = V@ D)I? + lgh-1 — ge1 [ + IV f (@2 + s—2) — Vi (@p_2) I + [|gh2 — gr—2l,

<Lzt + i1 = @1 * + | gho1 — ge—1l® + L2 [ a2 + se—2 — zi2|® + |gh—2 — gr—2l®,
=L2(|lsi—11* + llsk—2l*) + l9h—1 — gr—11* + llg—2 — gr—2ll*.
In steps 1-3, we rearrange items. The 4th step is based on Triangle inequality. The 4th step is based on Cauchy-Schwarz

inequality. The Sth step is based on the definition of L-smoothness on f.
Substituting ||w},_,||*’s upper bound into above inequality 96 yields:

FI(IL'k + Sk) — F/({Ek,1 + Skfl)

< _IVF @+ sk) + 9012
- 2L

+ (Ln2012||Vf’(a:k_1 + k1) + g4l|? + Ln>C3
+ Ln*C3CT (L2 (llsk—1l1* + llsk—201?) + g1 — gr—1l1> + llgh2 — gr—2l*)

X (L?||ap—2 + sp—2 — T—1 — k-1l + |lgk_o — 924”2)) [EY ke

where g;, € Or'(zx, + si), g € Or(zk), gj,_1 € O’ (xg—1 + Sk—1), and g,_, € Or'(Tp—2 + Sk—2).
Moreover, the definition of s}, with variable method in equation 90 yields:
[I8%—11I”
=V (@r-1 + sk-1) = Vf(@r-0)> + gk — gxl®
+ || = diag(Jaw') (Vf' (wh—1 + sk—1) — V' (T—2 + Sk—2) + gh1 — Gh_2) I,
SIVF (@1 + s6-1) = V(@112 + lgp — gl + (190w [P[V ' (wp-1 + s5-1) = V(22 + s5-2) + g1 — Gha?
<V (@r-1 + sk—1) = VF(@r-2)I” + [l — gl
+ 3w [PIV F (21 + s5-1) = VI (@h-2 + se2)1> + [Taw'[[lgh1 — gh—all?,
=[IVf (@r1 + sp-1) = VF@r—)” + llgr. — gl
+ 1Taw |2 (IV f (@r-1 4 s5-1) = VI (@p—2 + sk—2)|* + |95—1 — gh_2ll?),
<V (@1 + sp-1) = VI (@r-1)|* + g — g6l
+ [T P (L2 =1 + sk—1 — To—2 — sk—2|* + l9h_1 — 9k_2%)
<IVF (@1 + sp-1) = VI (@r-1)|1* + gk — g6l
+ 0 CF w2 (L2 ||wp—1 + k-1 — Tr—2 — k-2 + lgh—1 — gh—2?),
<IVF (@1 + sk-1) = VI (@r-1)|1* + llgp — gl
+n?CE (L2 (IlskalI” + llsk—2l1?) + [1gh—1 — gr—1]1* + 9%z — gr—2lI?)

X (L?||@p—1 4 sp—1 — Th—2 — sk—2]” + gh_1 — gh_2l*),
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where g;. € Or'(x +si) and gi, € Or(zy,). The second and third steps are based on Cauchy-Schwarz inequality and Triangle
inequality. The 5th step is based on the definition of L-smoothness on f’.

Substituting the above formulation into the above inequality yields:

F/(.Tk + Sk;) - FI(.Z‘]C,1 + Skfl)
< _ IV (k14 sk—1) + g} |I*
- 2L
+ (Ln2cf\|Vf'(xk,1 + k1) + G412 + LnC3
+ Ln*C3C5 (L (Isk—11” + lsk—2l”) + llgh1 — gr—1l1* + lgk—2 — gr—2?)
X (L?||@p—2 + sk—2 — Tr—1 — sk—1 /> + lgk_o — 9271”2))
% (IV £/ @ + s1-1) = T F o)1 + ok — on®
+n°CF (L (Isk—111 + llsk—21*) + llgk—1 — ge—11” + lgk—o — gr—21?)
X (L2||@p—1 + sk—1 — Tr—2 — sk—2l” + lgk_1 — 9272”2))7

where g). € Or'(xr + si), gj,_; € Or'(xp—1 + sk—1), and g)._5 € Or'(Tp_2 + Sk_2).

Comparison between Variable Method and Gradient Method

As introduced in corollaries 8 and 9, we have demonstrated the per iteration convergence gain of the variable and the gradient
methods, respectively. We are ready to compare the variable and gradient methods regarding such bounds. We categorically
derive the analysis with and without the non-smooth part in the objective. We focus on the case without non-smooth parts
based on the assumption that the non-smooth function in the objective is trivially solvable. Such an assumption is achievable
in real-world scenarios. For example, in the blurring task for computer vision [5], the non-smooth function is L;-norm and
serves as a regularization term for the smooth objective.

Without Subgradient Case In this case, we remove all subgradient in historical modeling, which yields:
1= 0,952 := 0,951 := 0, g2 := 0.
Thus, Corollary 9 is simplified into:

F/((Ek + Sk) — F/(xk,1 + Skfl)

<« _IVF @ £ sk) + g2
- 2L

+ (LG9 f (w1 + si-1) + gh |12 + Ln®CE

+ Ln* G309 (L2 (||skll® + lsn—al*)) (E* [k —2 + sp—2 — xh—1 — Sk—le))
x (IV £/ @1 + 1) = T i)l + gk — ol

+n2CT (L2 (Ise—1]® + Isk—2l1) (L2 |@k—1 + Sp—1 — Tp—2 — Sk—sz))7

where g, € Or'(z1, + si) and we use the superscript ¢ to represent gradient method’s Cl.
If we further assume f'(zp_1 + Sg—1) := f(zp_1 + Sp—1 + t),t € R™, which means the OOD on objective is a shifting
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on variable, we can further get following upper bound for the gradient method’s per iteration convergence gain:

F’(:ck + Sk) — F/(:ck_l + Sk—l)
IV (xr—1 + s6-1) + gilI?

< —
- 2L
+ (LG f (e + s1-1) + ghl? + n2C3
+ Lt CRCT (L2 (s |2 + -2 ll?)) (L2 2= + sk = w11 — ka2 )
% (I @1 + i1+ 1) = VI @)l + llgh, = el
+ 20 (L2 (s |2 + k2 2) (L2lpr + skt — 22 = ska?)),
< IVF @+ sk1) + g )12

= -~ 2L o 97)
n (Ln CYIV S (wh—1 + sk—1) + gl + Ln*C3

+ L C3CT7 (L2 (||sk—1ll? + llse—2l®)) (L[| 22 + sk—2 — 21 — Sk71||2))
X (L2||5k—1 + )2+ llgr, — grll® + 0205 (L2(||sk—11* + lIsk—2l?)) (L*{|zk—1 + Sk—1 — Tp—2 — Sk—2||2)),

IV e+ sue) + gl
2L
+ (Ln2012||Vf’(xk_1 + sp—1) + g;HQ + Ln2022

+ LA CECTI LA (g | + llsk-2l®) (lon—2 + st — po1 = 511 ]%)
% (L2so1 + 2 + gk = g2+ 02 CFO LA (s |2 4 lse-2l) (k-1 + k-1 = 22 — sa]?)).
Similarly, we get the bound of the variable method by:

F/(l‘k + Sk) — Fl(l'k,l + 8]071)

IV s + 51 + gh?
- 2L

+ (En2CE IV (wh1 + s1-1) + G412 + In®CF + In* CRCT" (sl + skl o1 — 2p-2 + sk-1 — sk-al?)

x (HSHH2 + L2 lsk—1 + 17 + gk — glI* +n*CE" (Isp—ll® + llse—2l®)lar—1 = @z + 551 — sk_2||2),
(98)
where we use the superscript ¥ to represent variable method’s Cj.

If L < 1, which means the objective is smooth, the upper bound yielded by the gradient method in inequality 97 is
intrinsically smaller than that in inequality 98, which means that gradient-based longer horizon modeling methods are better
for functions with small gradients. We note that L < 1 is general in real-world scenarios. For example, L < 1 in logistic

regression tasks are inherently achieved by average among features.
Otherwise, if L > 1, to keep an identical boundness in inequalities 97 and 98, we can also achieve a lower convergence
bound by shrinking the output of operator N in the gradient method, such as setting C{ = C¥/(L?) in 97, which yields:

F/(l‘k + Sk) — Fl(l'k,l + Skfl)

< — IV (xh—1+ sk—1) + g} ?
- 2L
+ (In2CRIV S @it + s11) + ghl2 + Ln2C3 + Lt CRCT (sl + lsk2 ) (lon—2 + 512 — 21 — si-a %))

X (L2so1 + U + gk = g2+ 02CF" (sl + o2 2 (lor-s + 51 = ax-2 = sx-2]?) )
99)
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Moreover, the remaining difference between such two upper bounds are L?||sz_1 + t||? in the gradient method and
llsk—1l|? + L?||sx—1 + t||* in the variable method. Hence, the gradient method yields a smaller convergence gain upper

bound.
To sum up, we have the following conclusions:

1) L € [0, 1]. The gradient-based longer horizon modeling method is more robust in OOD scenarios.
2) L € (1,00]. By setting C{ < C¥/(L?), the gradient-based longer horizon modeling method is more robust in OOD

scenarios.

With Subgradient Case We eliminate this case since we assume () is a proper function that can be trivially solved.

11.4. OOD Multi-Iteration Convergence Rate

Theorem 9. Under Assumption 3, OOD’s convergence rate of K iterations is upper bounded by:

kzr{linKF’(xk + ) — F'(2* + s*)
< lleo + - PP
_2K To+so—azF—s oK TK +SK — X S
K
L v / _ _ !
?Z Tk + Sk — Th—1 — Sk—1 + Iz I—ESk 1)+gk)T(xk+5k_x* —s").

Proof. Same as the demonstration for Theorem 5.

Corollary 10. Under Assumption 3, L20 model d’s (equation 72) convergence rate is upper bounded by w.r.t. ||s},_,|| by:

min  F'(xg + s) — F'(2* + s%)

k=1,...,K
L L 1 &
72K||$0+80—.’E —s*? — 2K||xK—|—sK—m - ||2—E};(Vfl(mkq+Sk71))—r(xk+8k—x*—s*)
L K
+ 72 2 (VACH|VF (@ + sk-)ll + Vo) Ik || + Vs | Py ) g + s — ™ = 57
k=1

Proof. First, we rewrite the convergence rate upper bound as the following inequalities:

min  F'(zg + sg) — F'(2* + s¥)

k=1,...K
X
_2K||;l:o—|—so—x — s> - 2KHIK+SK—1‘ *||2+?kzl($k+5k—l“k—l—Sk—l)T(Ik‘FSk—fE*—S*)
L 1
gic w0+ s0 =2 = s"I7 = S le sk 2" = 57P - D (Vi (@ror+sp-1) (wn+sp — 2" —57)

TOK
k=1
LXK
EZ diag(J1sh_1)(Vf' (@h-1 + sp—1) + g1,) — Josi_y — IsPi_y) " (an + s — 2° — 5¥).
k
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Next, we derive its upper bound w.r.t. ||s;,_,||. Cauchy-Schwarz inequality and Triangle inequality yield:

: / _ / * *
k:r{{.l.riKF (g + sk) — F'(z* + s¥)

1

|xg+ 8o —2* — s ||2 |k + s — 2™ — 5*||2

2K|

K
_2K| ZVf Th_1+ Sp— 1))T(Jck+sk—x*—s*)
k=1

K
L i * *
T Z(* diag(J1sh_ ) (V' (@h_1 + sp-1) + gk) — Josh_y — I3P_ ) (zp + s, — 2* — 5%,
k=1
L 1 E
Sﬁ”xo +so—x* — s*||2 2K||ch +sg—aF—s ||2 % ’;(Vf'(xkfl + 8k71))T(9€k Yoy — 2t — s*)

(Il diag(Jr sy )(Vf (@e-1 + se-1) + gi) | + 1T2sp o[l + [ Ts Py Dllan + s, — 2™ = 87,

+
=
M=

>
Il
—

K

— Z(Vf’(xk,l +51-1)) " (zp + 5p — 2% — 5¥)

*||2 1
K
k=1

lzo +s0—az* —s — ok +sx —a* —s*|* —

=

2K

(VnCillsi—1 IV (@r-1 + sk-1) | + VrCallsy 1|l + vnCal| Py [Dllzk + sk — 2™ — 57,

+
=
M=

Eal
Il
-

:ﬁ”‘fo —+ So — IE* — S*”z

K
L
2K||:cK+stx — s - ZVf Tpo1 4 sk-1)) " (Tg + s — 2% — 5%)

(VrCUIVf (@1 + sk-0) | + VnC2)lIsh 1| + VrCs|| Piy ) ok + sp — 2™ = 57|

+
=
Wk

=
Il
—

12. Details of Experiments
12.1. Implementation Details

Our implementation is conducted with PyTorch based on the open-source code provided by the official implementation of
[14] in https://github.com/xhchrn/MS4L20. We follow the settings in [14] to implement our GO-Math-L20 model. We
construct a coordinate-wise model where our model takes gradient features according to a variable as an input and generates
the update for that coordinate independently on all coordinates.

We implement the learnable parameter matrices R, Q, and B in Theorem 3 as diagonal matrices. We use neural networks
to generate vectors with an identical shape to variable x and use them to conduct the diagonal entries of R, Q, and B. We
use different models for R, Q, and B, respectively, both of which take the same inner feature of the former layer. Following
L20-PA in [14], we add an inner linear model between the linear models and the LSTM cell. The complete forward data
flow is: the LSTM cell — the inner linear model — linear models of R, Q, and B.

For LSTM’s input features in our GO-Math-L20, we set it to be smooth gradient V f(x) and two boundaries of non-
smooth gradient set, denoted as Or(x)p and Or(x)yw. Thus, the input feature is the concatenation of such three fea-
tures, [V f(z)",0r(z),,, or(x )ub]T. Moreover, for each block, we normalize input features with the vector norm of
the initial point’s input feature, i.e., (o), (zo)wl|, and ||Or(zo)uwl||. At k-th iteration, the input feature is

[ Vize) T Or(z)n | 0r(ze)w |

IVF(zo)ll > 10r(zo)wll > Or(zo)w
For L20-PA [14], the input feature is the concatenation of variable and gradient vectors [z T,V f(z) "]
For other baseline methods introduced in Sec. 6, we use the implementations provided in the official implementation of
[14].
We randomly sample the initial points for all methods. We use deterministic seeds in samplings to ensure reproducibility.
Thus, even for non-learning methods, our experimental results are different from those in [14]. However, compared with the
origin point set in [14], the random initial point setting is better for robustness evaluation.
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12.2. Output Activation

As in Theorem 3, at each iteration, we achieve a symmetric positive definite Ry by Sigmoid function. The output of the
Sigmoid function is in (0, 1). Thus, Frobenius-norm of Ry, is bounded by \/n, where n is the dimension of variable z. In
[14], a larger range is achieved by a direct multiplication with a given constant. We set the constants for R, Qg, and By, to
be 2, 2, and 1, respectively. Thus, |Rg|| < 2v/n, ||Qk|l < 2v/n, and | Bg|| < /n.

We follow the activation function setting for LASSO and Logistic regressions in [14]: Sigmoid for LASSO regression and
Softplus for Logistic regression. The Sigmoid function is doubled to get (0, 2) range outputs [14]. The activation function is
applied on all parameters in Theorem 3.

Following [14], we utilize the objective’s smoothness scalar L to shrink the parameters multiplied before gradient, i.e.,
parameter matrix R (and Q for the first two variants in the following section). We set L as the maximal eigenvalue of the
Hessian matrix on optimization problem. For LASSO Regerssion, L is given by:

[Al2,

where A is the given parameter matrix in objectives defined in Sec. 6.
For Logistic Regerssion, L is given by:

)
2

Hnlwih (ol 2) (1= h (ol 2))

where h is the sigmoid function and each a; is a given parameter farture vector defined in Sec. 6. Moreover, since
h(af z) (1 —h(a] x)) < 1, we construct the following upper bound of the above formulation to get a z-unrelated L:

m
1 § : T
— a;a;
m“

i=1

2
12.3. Evaluation Metric

Following [14], we use a classical algorithm, named FISTA [5], to generate optimal solutions for both LASSO Regression
and Logistic Regression problems. Based on [14], we run FISTA for 5,000 iterations to ensure the accuracy. Then, all the
evaluation solutions are normalized with the optimal solutions by the following equation:

F(z) — F(z*)
12.4. Gradient Map Ablation

We construct the following three gradient map implementations and select the one with best InD performance. At k-th
iteration, the fist one is the standard gradient map (denoted as STD) as follows:

Gr—1 =R N(wp—1 — 2k — Qrug—1 — b11),

where G,_1 is equivalent to V f(xx_1) + gr—1-
Then, we eliminate the minus term for historical information v;_1 to let G_1 cover the historical information (denoted
as LH):
Gr-1 =R (zp_1 — 2% — b1 g).

Moreover, we eliminate R, inversion to improve numerical stability (denoted as LHNoR):
Gr—1 =xp—1 — Tk — b1 k.

It is worth noting that such an implementation differs from Math-L20 in [14], where we follow a classical momentum scheme
by applying momentum posteriorly. However, Math-L20 use the Nesterov momentum method by adding momentum to the
approximation point before the gradient calculation.

The InD results are shown in Figure 5, where LHNoR outperforms the other two methods. We use the LHNoR version
in the following experiments.
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Figure 5. LASSO Regression: Ablation Study on Gradient Map Configurations.
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Figure 6. LASSO Regression: Ablation Study on Training Settings, 20/100 BP Frequency.

12.5. Training Configurations

We use Adam [13] as the optimizer to train our model and learning-based baselines. We set the weight decay to zero for all
models. For our proposed model, we clamp the norm of the gradient vector to one. However, we do not apply this setting
to other baselines since Math-L20 [14] fails to converge at all OOD scenarios. Following [14], we evaluate the in-training
model with the evaluation set every 20 iterations.

We evaluate the InD performance of LASSO regression with different training settings in Table 1 to choose the best
setting. The “BP Frequency” represents the iterations utilized to achieve one backpropagation and total iterations. For
example, 20/100 means backpropagating every 20 iterations in 100 iterations. For training epochs and learning rates, we
consider two candidate settings. One epoch and 0.01 is the setting in [14]. We conduct another one with three epochs and
a decayed learning rate starting from 0.01. Since our proposed model has more parameters than Math-L20 in [14], we
test two different mini-batch settings, 64 and 128, where the 128 mini-batch case has a double training sample that the 64
mini-batch case. Furthermore, we consider alleviating the imbalance problem in a sequence of objective values and design a
weighted-sum loss function by the indices of iterations. For a BP length 7', given a objective value sequence x1, z2, ..., ZT,
the weighted-sum loss is given by:

Nl .

T

S
Il

In contrast, the mean loss used in [14] is given by:
1
—=F(x;).
; ()

The results of settings 1 to 8 are shown in Figure 6. The experimental results demonstrate that the best settings for
“20/100” BP frequency are settings 7 and 8.
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Table 1. Training Settings

Index BP Frequency Epochs Learning Rate Batch Size Loss Function
1 20/100 1 0.01 64 Mean
2 20/100 1 0.01 64 Weighted-Sum
3 20/100 1 0.01 128 Mean
4 20/100 1 0.01 128 Weighted-Sum
5 20/100 3 0.01, Decay to 10% Per-Epoch 64 Mean
6 20/100 3 0.01, Decay to 10% Per-Epoch 64 Weighted-Sum
7 20/100 3 0.01, Decay to 10% Per-Epoch 128 Mean
8 20/100 3 0.01, Decay to 10% Per-Epoch 128 Weighted-Sum
9 50/100 1 0.01 64 Mean
10 50/100 1 0.01 64 Weighted-Sum
11 50/100 1 0.01 128 Mean
12 50/100 1 0.01 128 Weighted-Sum
13 50/100 3 0.01, Decay to 10% Per-Epoch 64 Mean
14 50/100 3 0.01, Decay to 10% Per-Epoch 64 Weighted-Sum
15 50/100 3 0.01, Decay to 10% Per-Epoch 128 Mean
16 50/100 3 0.01, Decay to 10% Per-Epoch 128 Weighted-Sum
17 100/100 1 0.01 64 Mean
18 100/100 1 0.01 64 Weighted-Sum
19 100/100 1 0.01 128 Mean
20 100/100 1 0.01 128 Weighted-Sum
21 100/100 3 0.01, Decay to 10% Per-Epoch 64 Mean
22 100/100 3 0.01, Decay to 10% Per-Epoch 64 Weighted-Sum
23 100/100 3 0.01, Decay to 10% Per-Epoch 128 Mean
24 100/100 3 0.01, Decay to 10% Per-Epoch 128 Weighted-Sum
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Figure 7. LASSO Regression: Ablation Study on Training Settings, 50/100 BP Frequency.

The results of settings 9 to 16 are shown in Figure 7. The experimental results demonstrate that the best settings for
“50/100” BP frequency are settings 14 and 16.

The results of settings 17 to 24 are shown in Figure 8. The experimental results demonstrate that the best setting for

“100/100” BP frequency is setting 24.

A further comparison between settings 7, 8, 14, 16, and 24 is illustrated in Figure 9. Based on the result, we conclude
that training settings do not dominate the InD performance of our proposed Go-Math-L20 model. We choose setting 7 as
our training configuration since we observe that the baseline Math-L20 method fails to converge at all OOD scenarios if we

increase the BP frequency to “50/100” or “100/100”.
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Figure 9. LASSO Regression: Ablation Study on Training Settings, Best.

Table 2. Q-Shrinking Settings
Index Q Settings

1 Q

2 Q/VL
3 Q/L

4 Q/L?

12.6. OOD Improvement Configurations

Based on our analysis in Sec. 11.3, by shrinking the range of the parameters in optimizing steep objectives, our proposed
model can achieve better robustness than variable-based historical modeling in SOTA Math-L20 [14]. This section evaluates
the performance with different extents of parameter shrinking. Specifically, we set the shrinkings on Q by dividing the
smoothness parameter L of smooth objective. Different settings are listed in Table 2.

Since L is calculated individually for each instance by its largest eigenvalue of the Hessian matrix of the objective.
Compared with the Q only version, adding L changes Q’s distribution. Thus, we separately train each setting within Table 2.
The InD results of the settings in Table 2 are shown in Figure 10. The illustrated results show that Q/L and Q/L? cause
poor InD performance. Q/ /L has a similar InD convergence to Q.

Furthermore, we add an extra experiment to compare their OOD performances, shown in Figures 11 and 12. The results
show that the Q setting outperforms Q/+/L in all initial point OOD scenarios (Figure 11) and achieves better outperformance
with larger OOD shiftings. Both methods perform similarly in objective OOD scenarios (Figure 12).

It is worth noting that this result does not violate our theoretical comparison result in Sec. 11.3, where our gradient-only
method needs further parameter shrinking strategies to address the deficiency of weaker robustness by larger magnitude in
sharp objective cases. Our normalization method on input gradient-only features and our recurrent gradient map setting that
eliminates R inversion have achieved a similar input magnitude to the variable method in [14]. Moreover, in Figure 12,
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Figure 10. LASSO Regression: Ablation Study on Q Settings, InD scenario.
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Figure 11. LASSO Regression: Ablation Study on Q Settings, OOD by Trigger 1.
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Figure 12. LASSO Regression: Ablation Study on Q Settings, OOD by Trigger 2.

Q/+/L setting performs similarly to the Q.

12.7. Real-World Evaluation

We further evaluate our model on real-world optimization problems. We follow the methodology proposed in [14] to construct

the following real-world datasets:
1) LASSO Regression. 1,000 patches are chosen from the BSDS500 dataset. A are calculated with K-SVD method and A is

set to be 0.5.

2) Logistic Regression. Ionoshpere dataset contains 4,601 a;,b; € R3* for each sample. Spambase dataset contains 4,601

a;,b; € R for each sample.
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Figure 13. Logistic Regression: InD.
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Figure 14. Logistic Regression: Real-World Ionoshpere Dataset.
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Figure 15. Logistic Regression: Real-World Spambase Dataset.

12.8. Logistic Regression Results

InD comparison is shown in Figure 13. Our proposed Go-Math-L20 performs similarly to L2O-PA and outperforms other
baselines.

The OOD comparison on two real-world datasets, Ionoshpere and Spambase, are shown in Figures 14 and 15. Our GO-
Math-L20 model outperforms all other baselines.

Figure 16 depicts the OOD scenarios in Logistic regression where the initial point deviates from around zero, i.e., the
OOD initial point is xg + s, where s denotes the extent of the initial point shifting. Under these conditions, our proposed
GO-Math-L20 model performs similarly to L20-PA [14].

Figure 17 presents the results for the OOD scenarios of objective shifting, i.e., the OOD objective is F'(z) = F(x + t),
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Figure 16. Logistic Regression: OOD by Trigger 1.
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Figure 17. Logistic Regression: OOD by Trigger 2.

where s denotes the extent of initial point shifting. Results in ¢ = £10, £20 cases demonstrate that our proposed GO-Math-
L20 method converges significantly faster than L20-PA [14]. For ¢ = £50, 100 cases, our model can also converge to
better optimums after oscillations. Moreover, the results also show that L2O-PA fails to converge when objective shifts.
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