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Abstract

Learn to Optimize (L20) trains deep neural network based solvers for optimiza-
tion, achieving success in accelerating convex problems and improving non-
convex solutions. However, L20 lacks rigorous theoretical backing for its own
training convergence, as existing analyses often use unrealistic assumptions—a gap
this work highlights empirically. We bridge this gap by proving the training con-
vergence of L20 models that learn Gradient Descent (GD) hyperparameters for
quadratic programming, leveraging the Neural Tangent Kernel (NTK) theory. We
propose a deterministic initialization strategy to support our theoretical results
and promote stable training over extended optimization horizons by mitigating
gradient explosion. Our L20 framework demonstrates over 50% better optimality
against GD and superior robustness over state-of-the-art L20 methods on syn-
thetic datasets.

1 Introduction

Learn to optimize (L20) represents an increasingly influential paradigm for tackling optimization
problems [B]. Numerous studies have demonstrated the efficacy of employing learning-based mod-
els to achieve superior performance across a spectrum of optimization tasks. These encompass
convex problems, exemplified by LASSO [[2, 8, 1] and logistic regression [22, 37], and non-convex
scenarios such as MIMO sum-rate maximization [B3] and network resource allocation [E1].

Distinct from black-box approaches [5, 34, 3], which directly derive solutions to optimization prob-
lems from a neural network (NN), the so-called “white-box” methodologies are garnering increased
attention. This heightened interest stems from their inherent advantages, such as enhanced trustwor-
thiness [[3] and theoretical guarantees [B7]. A key characteristic of these white-box strategies is the
integration of mechanisms to ensure the “controllability” of the generated solutions. For instance,
Lv et al. [24] employ a NN to predict the step size for the gradient descent (GD) algorithm, where
the inherent structure of GD stabilizes the optimization trajectory. Similarly, Heaton et al. [[3] inte-
grate a conventional solver within an L20 framework to act as a safeguard, thereby preventing the
learning-based model from producing solutions with extreme violations. This principle of guided or
constrained learning has also been extended to the training phase of L20O models [37].

Further, “unrolling” has emerged as a prominent technique within L2O [f], characterized by the
strategic replacement of components of conventional optimization algorithms with neural network
(NN) blocks [T, T4, T9]. For instance, Liu et al. [22] introduce Math-L20O that imposes architectural
constraints on unrolled L20 models by deriving necessary conditions for their convergence. Their
analysis revealed that for a L20 model to achieve optimality, its embedded NN must effectively
perform a linear combination of input feature vectors, weighted by learnable parameter matrices.
Empirical validation demonstrates that the proposed methods exhibit strong generalization capabil-
ities when trained using a coordinate-wise input-to-output strategy. Subsequent research by Song
et al. [B2] further enhance this generalization performance by reducing the magnitude of input fea-
tures.
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Despite these advancements, to the best of our knowledge, a formal demonstration of the conver-
gence for unrolling-based L20 methods in solving general optimization problems remains elusive.
While LISTA-CPSS [[7] establishes convergence for the well-known LISTA framework [I1], its anal-
ysis is based on the assumption that neural network (NN) outputs are confined to a specific subspace,
a condition that is often not met in practical implementations. Similarly, while Math-L20 [27] de-
rives necessary conditions for convergence, the mechanisms by which the training process itself can
guarantee such convergence are not elucidated. Subsequent analysis by Song et al. [B7] investigates
the inference-time convergence of Math-L20. However, this work relies on a stringent training as-
sumption, effectively constraining the L20 model to emulate the behavior of a conventional Gradient
Descent (GD) algorithm.

This apparent deficiency in comprehensively demonstrating L20 convergence stems from two fun-
damental, unresolved technical challenges. First, unrolling-based L20 models [8, [, 21] represent
a specialized class of NN architectures. Despite much progress in understanding the training conver-
gence of general neural networks (NNs), notably through the Neural Tangent Kernel (NTK) theory
since 2019 [P, B, [0, 23, 72, IX], a formal proof of training convergence remains conspicuously ab-
sent. Such a proof is an essential precursor to establishing the convergence of the L20 model in its
primary task of solving optimization problems. Second, the precise relationship between the training
convergence achieved during the L20 model’s training phase (i.e., optimizing the NN parameters)
and the convergence of the L20 model when applied to the target optimization problem (i.e., find-
ing the optimal solution) is not well understood. For instance, Math-L20 [22] is designed to learn
the step size for an underlying GD algorithm. While the problem-solving efficacy of Math-L20O is
naturally evaluated based on the progression of GD iterations, its training convergence is measured
in terms of training steps (e.g., epochs). These two notions of convergence: one on model parame-
ter optimization and the other on problem-solving iterations, are largely decoupled and operate on
fundamentally different scales.

In this work, we present the first rigorous demonstration that an unrolling framework can achieve
theoretical convergence in solving optimization problems. Our analysis focuses on the state-of-the-
art (SOTA) Math-L20 framework, wherein a NN functions as a recurrent block, iteratively gen-
erating hyperparameters for an underlying optimization algorithm. The solution obtained at each
iteration, which utilizes these generated hyperparameters, is then incorporated as an input feature
for the subsequent iteration [22]. This inherent recurrence imparts RNN-like characteristics to Math-
L20, significantly complicating the analysis of its training convergence. Specifically, the recurrent
structure causes the NN to manifest as a high-order polynomial function with respect to its input
features [B]. This characteristic poses challenges for establishing tight analytical bounds, potentially
leading to looser convergence rates compared to non-recurrent architectures, as highlighted in re-
lated NTK analyses for RNNs [3]. Moreover, the Math-L20 architecture introduces an additional
layer of complexity: the emergence of high-order polynomial dependencies not only on the input
features but also on the learnable parameters themselves. This distinct feature renders the conver-
gence proof for Math-L20 arguably more intricate than those for conventional RNNs, where such
parameter-dependent high-order terms are typically less pronounced.

We address the pivotal connection between the NN’s training convergence and the ultimate problem-
solving convergence of the L20 model. Within the Math-L20 framework, we establish this criti-
cal linkage by explicitly demonstrating an alignment between the convergence dynamics exhibited
during the NN’s training phase and the convergence characteristics of its underlying backbone opti-
mization algorithm. This alignment provides a novel theoretical bridge, ensuring that a successfully
trained L20 model translates to effective convergence when applied to optimization tasks. Our
contributions are summarized as follows:

1. We provide a formal proof that the Math-L2O training framework substantially enhances
the convergence performance of its underlying backbone algorithms. This is achieved by
rigorously establishing an explicit alignment between the convergence rates of the training
process and the iterative steps of the backbone algorithm.

2. We establish the first linear convergence rate for Math-L20 training. Inspired by [27], we
employ a NN architecture with a single wide layer and utilize NTK to prove the bounded-
ness of NN outputs, gradients, and the training loss function within the Math-L20 frame-
work.



3. We introduce a novel deterministic parameter initialization scheme, coupled with a specific
learning rate configuration strategy. This combined approach is proven to guarantee the
training convergence of the Math-L20 model across all iterations.

4. We empirically validate our theoretical findings through comprehensive experiments. The
results showcase significant performance advantages, including up to a 50% improvement
in solution optimality over the standard GD algorithm post-training, and superior robust-
ness compared to SOTA L20 models and the Adam optimizer [9]. Furthermore, ablation
studies empirically confirm the practical efficacy and individual contributions of our pro-
posed theorems.

2 Preliminary

This section first defines the optimization problem objective and the L20 framework. The L20
training loss is then formulated based on these definitions. Then, the NN’s computational graph is
employed to detail the forward pass and the derivation of parameter gradients.

2.1 Definitions

Let d > b, suppose x € R¥*1 y € R®*1 and M € R?*?, we define the optimization objective as:
. 1 2
min f(x) = z||Mx — . 1
min f(r) = §[Mz - yl3 1)

This objective function is commonly selected for convergence analysis [@]. The least-squares prob-
lem, a frequent subject in NN convergence studies [, B, [T, D0, 7], is a specific instance of the
minimization in Equation (II) where d = b and M; = 1.

We assume f to be B-smooth, such that |[MTM]; < 3, and M to possess full row rank, with
Amin((MM ) = By > 0. This setting often favors numerical algorithms (e.g., GD) over analytical
solutions due to computational complexity. GD’s O(bd) complexity is typically lower than the
O(b?) of analytical methods involving costly matrix inversions. The loss function is then defined as
the sum of NV objectives specified in Equation (l):

F(X) = 3|MX Y3, (@)
where F, M € RNbxNd X ¢ RNdx1 apd Yy e RNbx1 represent the concatenated objectives,
parameters, variables, and labels, respectively, from N optimization problems (see Appendix BT
for details). F is also 3-smooth, given that [MT M| < max;—1_ n{|MIM;|2} = 5.

Learn to Optimize (L20). Let gy denote an L-layer NN with parameters W = {W1,... , W}
For each step ¢t € [T] in solving problem Equation (), the Math-L20 model, following [P7], is
defined as gw (X¢—1, VF(X;—1)). The inputs to the NN are the current variable X; i and its
gradient VF(X;_1). Denoting the Hadamard product by ®, the T-step iterative update from an
initial X is:

Xt =Xe1 — %Pt OVF(X;—1), (3
P, = gw(X¢-1, VF(X;_1)) is a vector whose entries represent the learned step sizes.

The neural network gy is structured layer-wise. It employs a coordinate-wise architecture, process-
ing each input dimension independently, recognized for its robustness in L20 applications [22, B2].

ey

For layer ¢ € [L] with parameters W, € R"¢*"¢-1 (where ny, = 1 for the output layer), the output
G at step ¢, utilizing ReLU (ReLU) [[] and Sigmoid (o) [26] activations, is defined as:
[thl, VF(thl)}T € — 0,
Gﬂt = ReLU(WgGg_Lt) le [L — 1}, “4)
Pt = QU(WLGL_Lt)T {=1L.

2.2 Layer-Wise Derivative of NN’s Parameters

Let k represent a training iteration for loss Equation () minimization, distinct from an optimiza-
tion step t for solving objective Equation (). The computational graph in Figure [ illustrates the



Math-L20 forward and backward operations, which parallel those of Recurrent Neural Networks
(RNNs) [I2]. Figure [ details the NN block (see Equation (B)). Figure IR depicts the overall pro-
cess: the block takes an input solution, performs 7" internal optimization steps to produce an updated
solution (red dashed arrows), and each training iteration k triggers a full backward pass (blue bold
lines). As per [27], the gradient flow from the input features to the NN block is detached.

. @ @®1®ﬂ,8 XTy®FE31 @_Loss
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(a) NN Block (b) Forward and Backward Processes
Figure 1: Computational Graph of Math-L20

The derivative of an objective F' with respect to (w.r.t.) the parameters W, of layer ¢ is determined
via the computational graph, paralleling Back-Propagation-Through-Time (BPTT) for RNNs [’5]:

OF _ OF(Xr) T t+1  9X; 09X, OP,
oW, = 9Xr (Zt:l(Hj:T@inl)aPz c’?Wte . 3)

The summation aggregates gradients across T° optimization steps. H;J; *(0X;/0X ;1) represents
the chain rule application from the final output X7 to an intermediate state X;.

Moreover, we derive two key gradients, instrumental for establishing the theoretical results in the
ensuing section. Following Definition 2.2 in [[], the gradient of the ReLU is represented by a
diagonal matrix Dj, where its i-th diagonal element is [Df]; ; = L(w,q,_, ,),>0 for i € [ng]. Let
Iy =MT(MX; —Y)and 5 == (I; ® WL)(Hﬁ*:'lL_le’t(Id ® W;))1,,,. Defining D(-) as the
operator that constructs a diagonal matrix from a vector, the gradients for an inner layer W, (¢ < L)
and the final layer W, are:

e = =30 (I 5 (T — $MTMD(P)D(T)D (P, © (1 = Pi/2)Ze @ Gy, (6)
e == 300 ([ (L = $D(P)M ™M) D) D(P, © (1= P /2)) Gy (D)

where ® denotes the Kronecker product. Equation (1) (for W) differs from Equation (B) (for Wy)
in its final terms: szl)t replaces = ® Gztux This simplification arises as W, is the terminal
layer, and G'1,_1 ; is its direct input from layer L — 1. Thus, its gradient calculation does not involve
a subsequent layer propagation factor analogous to =y..

3 Convergence of L20: Improved Convergence from Training

This section rigorously substantiates the convergence of the L20 framework, Math-L20. We first
expose theoretical and numerical instabilities prevalent in current SOTA L20 methods. Then, we
demonstrate Math-L20’s accelerated training convergence compared to GD and then present a for-
mal methodology to establish its convergence.

3.1 Limitations Analysis of Existing SOTA L20 Frameworks

We analyze limitations in the convergence guarantees of two SOTA L20 frameworks: LISTA-
CPSS [Z] and Math-L20 [22]. LISTA-CPSS [I] constructively proves that its predecessor,
LISTA [I1], can attain a linear convergence rate. However, this theoretical guarantee is contin-
gent upon several stringent conditions. Math-L20 [27] proposes an L20 framework derived from
the GD algorithm, incorporating necessary conditions for convergence. Both frameworks employ
sequential solution updates and utilize BPTT for parameter optimization.

Initially, we assess training loss across varying optimization steps. This is pertinent due to the well-
documented issue of gradient explosion of BPTT arising from long-term gradient accumulation [I¥].
Both models are trained on 10 randomly sampled optimization problems for 400 epochs. Figure D
depicts training losses (y-axis) against optimization steps (x-axis) for several learning rates (distin-
guished by line color). Data points exhibiting numerical overflow (indicative of gradient explosion
at first training iteration) are excluded, resulting in plot lines terminating before 100 steps for af-
fected configurations. The results demonstrate that both frameworks suffer from poor convergence
at low learning rates (LRs) and training instability at high LRs.



N === Gradient Descent LR:6e — 05 === Gradient Descent LR:6e — 05
— N —=— LR:le—05 —e— LR:7e-05 — S8y —=— LR:le - 05 —e— LR:7e-05
8 s, LR:2e — 05 —— LR:8e - 05 8 \ LR:2e - 05 @ LR8e-05
ql\lol = = LR:3e - 05 = LR:9e -05 “’"101 \“\‘" LR3E—gg ® LRgeOE(;ﬁ
S —+— LR:0.0001 SSeao LR:4e — & LR:0.0001

= M\‘ ----- ses = i T e,

L 100 S e L 100 IS
O AP DD OPPP AN PPPN S O AP DD O PPP AN PP PN

Optimization Step T Optimization Step T
(a) LISTA-CPSS [17] (b) Math-L20 [22]

Figure 2: Training Loss of SOTA L20 Frameworks

Further, we examine the convergence conditions outlined for LISTA-CPSS [], illustrating their
propensity for violation during typical training procedures. The first condition mandates asymptotic
sign consistency between iterates X; and the solution X*, requiring sign(X;) = sign(X™) for all
t. The second condition imposes constraints on the columns of the learned parameter matrix W
relative to the columns of the objective coefficient matrix M. Specifically, denoting column indices
by i and j, it necessitates that W,' M; = 1 and W, M, > 1 for all j # i.

Following the experimental design in [22], we quantify the violation percentage of the aforemen-
tioned conditions during inference. Results are in Figure B. We consider two configurations: (i)
shared parameters W across iterations (Figure Bd), and (ii) unique parameters W; per step ¢ (Fig-
ure BH). Both scenarios reveal that the specified conditions are frequently violated post-training.
For instance, in the shared W case (Figure Bd), while the conditions hold in later steps, substantial
violations occur in early steps. This divergence contradicts the convergence rate analysis presented
in [[@].
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Figure 3: Violation Ratio of LISTA-CPSS Conditions During Inference

The preceding observations highlight that training is indispensable for L20 convergence analysis.
Three fundamental questions arise in L20: (i) What is the impact of training on convergence? (ii)
How can training be incorporated into the convergence analysis framework? (iii) What mechanisms
ensure a stable training process? We propose a concise approach to address these questions, es-
tablishing a direct alignment between the training’s convergence rate and an existing algorithm’s
rate.

3.2 Align Convergence of L20 Training to Backbone Algorithm

First, we introduce a general convergence analysis framework. Let X * be the optimal solution, 7; an
iteration-dependent rate term, and C(X) a constant dependent on the initial point X (and X*), the
convergence rate of an algorithm (whether learned or classical) for minimizing an objective F'(X)
(e.g., the objective in Equation () or the loss in Equation (@) is often formulated as: F(X;) <

7C(Xo). For example, standard GD has a rate of F/(X,) < 2| X, — X*||3 [4].

The performance of L20 models, stabilized via training, is typically assessed after 7" iterations [22,
32]. We formulate the L20 training convergence rate w.r.t. training iteration k as:

F(XF) <r,C(XY), where X9 = L20yw (X), 8)

with X % being the initial solution from the .20 model and C' a constant. Based on the proof in [36],
For the non-learning GD algorithm, its convergence rate, corresponding to the initial L2O state, is:

F(X?) < 2)1Xx9 - Xx*|3. ©)

Given the independence of training iteration k and optimization step 7', we align the LHS of Equa-
tion (B) with the RHS of Equation (8) by setting C(X2) = F(X2). This yields the combined



training convergence rate:
F(X7) < rigl| X3 - X3, (10)

Here, the LHS represents the objective value after k training iterations, while the RHS is a constant
term dependent on the initial point Xy. W.r.t. T, Equation (Il) demonstrates a sub-linear conver-
gence rate of at least O(1/T?). The rate indicates that integrating L20 with an existing algorithm
via training can enhance its convergence. Such integration is achieved by the Math-L20 frame-
work [27], which utilizes a NN to learn hyperparameters for non-learning algorithms (e.g., step size
for GD, step size and momentum for Nesterov Accelerated Gradient [&]).

Further, we construct the Math-L20 training rate r; (see Equation (B)). Section B establishes its
linear convergence. Subsequently, Section B proposes a deterministic initialization strategy to ensure
the alignment (C(X$) = F(XY)) and uphold the theoretical conditions for this linear rate.

4 Math-L20 Training Linearly Converges

In this section, we establish the linear convergence rate for training a Math-L20 model employing
an over-parameterized NN, w.r.t. the loss defined in Equation (I). By training the NN (Equation (#))
using GD, we establish its linear convergence rate via NTK theory. Classical NTK theory [I9]
requires infinite NN width to maintain a non-singular kernel matrix, which facilitates a gradient
lower bound akin to the Polyak-Lojasiewicz condition [74, BU]. Applying the relaxation from [7]
and the rigorous NN formalizations (Section B), we demonstrate that an NN width of O(Nd) is
sufficient.

To derive the rate, we first introduce an lemma bounding Math-L20’s gradients. Then, we prove that
appropriate initialization leads to deterministic loss minimization in initial training iteration. After
that, we develop a strategy to maintain this property throughout training, thereby ensuring conver-
gence. This approach culminates in a linear convergence rate for an O(Nd)-width NN. The main
results are summarized herein, with detailed proofs deferred to Appendix A~ and Appendix B™S.

4.1 Bound Outputs of Math-L20

Let ag = Umin(G%,LT), Ae € R* be some constants. Let C; > 0 for ¢ € [L] be a sequence of
positive numbers. For ¢, j € [T], we define the following quantities:

Ao = IWP N2+ Co, O = [Ty A, ®5 = 1 Xollz + 25 MY 2,
A; = (1+8)Xol3 + WHXOHQHMTYHQ + (2j—1)(6(2jﬁ—21)+(2j—2)) IMTY|2,
Sar =Y A, 5 =2 <H§-=s+1(1 + #@chj)) As,
S =Tl A 6 = X1 (T2 (1 + H200))) A,
G = VBIXolls + T + D[[Yl2, 85 = (14 B)| Xolla + (27 — 1+ Z2)[MTY 5,
G = Xollz + FF2IMTY 2, 61=0(8;0L)(1 ~ o(6501)),

(11)

where X denotes the initial point, and M (parameter matrix) and Y (labels) are input features from
Equation (B). The defined quantities are positive under the conditions j > 1 and Ay > 0.

First, we derive a bound for the training gradients by considering them as perturbations from ini-
tialization. This bound relates the gradient magnitude to the objective function in Equation (@), as
detailed in the following lemma. Despite the derivative for inner layers (Equation (H)) containing an
additional term compared to that of the last layer (Equation (1)), a uniform bound as stated applies.
The proof is provided in Appendix B~Z4.

Lemma 4.1. Assuming max(|[WE|o, ||W/||2) < Ao for £ € [L], for any training iteration k, the

OrS
I, < YEOET IMXE — Vo,

gradient of the (-th layer parameters Wfk is bounded by: || Q%k

14
Building upon Lemmas BT and A6 and auxiliary results (see Appendix A=), we now analyze the
dynamics of the final solution X1 w.r.t. parameter updates during training. The subsequent lemma
establishes a rigorous formulation for the fluctuation of X7 in response to changes in parameters



between adjacent training iterations. This result demonstrates that Math-L20, viewed as a function
of its learnable parameters, exhibits semi-smoothness, aligning with findings for ReLU-Nets in [7].
The proof is provided in Appendix BZ3.

The semi-smoothness of the Math-L20 NN is preserved despite its recurrent operations. The coeffi-
cient associated with || W, —W}||2 exhibits O(e*T) scaling, where e is an initialization parameter
detailed in Section B. This represents a looser bound compared to that for ReL.U-Nets [Z7], which is
a consequence of Math-L.20’s greater architectural complexity, specifically the 7T-fold execution of
an L-layer NN block (see Equation (I)). However, this scaling behavior is consistent with observa-
tions for other deep architectures [2].

Lemma 4.2. For any training iteration k, assume there exist constants Ay € Rt for { € [L] such
that MaXy ¢ (i k+1} IWE|la < Xe. Let XF™ and XF be outputs of the Math-L20 (defined in

Equations B) and (8)) corresponding to parameters W+l = {VVZ’““}@L:1 and Wk = {ng}ﬁzl,
respectively. Then, Math-L20 exhibits the following semi-smoothness property:

X = XF o < 33 (T (L 4+ (1+ 8)/20,8)) AL (S A IWET = W)

Lemma EZ1 demonstrates that Math-L20 solutions exhibit a bounded response to perturbations in its
NN parameters. This finding, in conjunction with Lemma Bl facilitates a more nuanced analysis of
the loss dynamics. Further, judicious selection of learning rates enables control over the evolution of
NN parameters. Such control is instrumental in bounding the constant quantities from these lemmas,
thereby establishing the desired convergence rate presented in the subsequent theorem.

4.2 Linear Training Convergence Rate of Math-L20

Leveraging the bounds on Math-L2O’s output (Lemma [A™f) and its gradient (Lemma BI), the fol-
lowing theorem establishes the linear convergence rate for training the Math-L20 model. The proof
is provided in Appendix B3.

Theorem 4.3. Consider the NN defined in Equation (B), using quantities
from  Equation (D), suppose the following conditions hold at initialization:

gy > 8(1 +/B)C2, (12a) OéO > 4%25 ( %@%71ATSA,T71+@%(AT+52)S;\LSA,T)- (12b)
2
ap 2 max 24 BP0, (120 af > COENE520,0,0 1GGS S, (124)
Let the learning rate 1 satisfy:

< §(62+ A7) (82 +@LSA7TS;7L)_1SX72T, (13a) g < 4,@25 2. (13b)

Then, for weights W* = {WF}L_ | at training iteration k, the loss function F(W*) converges
linearly to a global minimum:

F(Wk) < (1f4n5 54%) F(WO).

The conditions specified in Equation (I2) impose additional lower bounds on ¢, the minimal sin-
gular value of the (L — 1)-th layer’s inner output. The bounds stipulated in Equations (IZB) to (I2d)
are influenced by both the network depth L and the number of gradient descent (GD) iterations 7". In
contrast, the constraint in Equation (IZd) primarily depends on 7'. An initialization strategy ensuring
these conditions are met is proposed in Section B.

5 Deterministic Initialization

This section introduces an initialization strategy ensuring the alignment between Math-L20 and GD
(see Section B) while also satisfying the conditions presented in Section B. The proposed initializa-
tion strategy first establishes Math-L20 to operate as a standard GD algorithm, and then guarantees
the uniform convergence of Math-L20 throughout subsequent training iterations.

5.1 Initialization for Alignment

Our initialization follows the ReLU-Net scheme [27], with Cy = 1 for ¢ € [L] and parameters
= {WP, ..., W2_,,W? = 0}. The specific initialization W7 = 0, combined with the 20
activation detailed in Equation (#), results in Pr = I. Consequently, the learning proceeds with a



uniform step size of 1/, emulating standard GD and its typical sub-linear convergence rate [36].
Moreover, this zero-initialization of W ensures that initial gradients for the inner layers are null (as
shown in Equation (H)), which serves to mitigate gradient explosion.

To satisfy the condition oy > 0 (cf. Theorem E3) for the initial weight matrices {WW} 5;11, these
are drawn from a standard Gaussian distribution. This approach generally ensures full row rank for
fat matrices (more columns than rows) [B5]. Each matrix W,(c) then undergoes QR decomposition.
Non-negativity is subsequently enforced upon the elements of the resulting upper triangular factor
(e.g., via its element-wise absolute value, achieved in PyTorch using its sign function).

5.2 Enhancing Singular Values for Linear Convergence of Training

Motivated by properties of minimal singular values in ReLU-Nets identified in [271], we analyze the
order-gap for g between the left-hand side (LHS) and right-hand side (RHS) of the inequalities in
Equation (I2). To satisfy these inequalities, we propose increasing «. This is achieved by applying
a constant expansion coefficient e > 1 to the initial NN parameters {W?, ..., W?_, }, transforming
them to {eW},...,eW? _,}. This parameter expansion scales the minimal singular value g to
el ~lay, reflecting the cumulative impact across L — 1 layers. However, other terms on the RHS of
Equation (I2) also depend on e. We then establish four lemmas to demonstrate that the conditions
for linear convergence, as specified in Theorem B3, are met for an appropriately chosen value of e.

First, we set the initial point to the origin, Xo = 0, a choice mostly adopted in L20 literature [22, 37].
Then, with Cy = 1 for £ € [L], we present four lemmas demonstrating that the conditions for linear
convergence (see Theorem E3) are satisfied for an appropriately chosen constant e. The lemmas
indicate that a larger e is required as the number of optimization steps (1) increases. Specifically,
Lemma B establishes that e scales exponentially with T'. Conversely, increasing the network depth
(L) alleviates the need for a large e. The proofs are provided in Appendix B.

Lemma 5.1. Assuming Xo =0, ife = Q(Tﬁ ), then the inequality Equation (IZ3) holds.
Lemma 5.2. [fe = Q(T$EL+6 ), then the inequality Equation (IZB) holds.

Lemma 5.3. Assuming Xo =0, ife = Q(Tﬁ ), then the inequality Equation (TZd) holds.
Lemma 5.4. Assuming Xo =0, ife = Q(T% Lﬁ), then the inequality Equation (TZd) holds.

6 Empirical Evaluation

This section presents an empirical evaluation of the framework proposed in Section B and the theo-
retical results from Section B. Experiments are conducted using Python 3.9 and PyTorch 1.12.0 on
an Ubuntu 20.04 system equipped with 128GB of RAM and two NVIDIA RTX 3090 GPUs.

Data Generation. Due to GPU memory constraints, vectors X & R5120x1 gnd YV e R#000x1
for Equation (I) are generated by sampling from a standard Gaussian distribution. These represent
ten problem instances with respective dimensional components of 512 (for X) and 400 (for Y).
Following Liu et al. [Z2]’s coordinate-wise approach, we formed an input feature matrix of 5120 x 2.
This setup is equivalent to a training batch of 5120 two-feature samples.

Math-L20 Model Architecture. The Math-L20 model is configured with 7" = 100 optimization
steps (Equation (@)). Its architecture comprises a L = 3-layer DNN, as formulated in Equation ().
The first layer has an output dimension of 2. To ensure over-parameterization, the (L — 1)-th (i.e.,
second) layer’s output dimension is set to 512 x 10 = 5120. The final layer produces a scalar output
(dimension 1). Three specific model configurations are designed for ablation studies, foundational
experiments, and robustness evaluations. These are detailed in Appendix Cl.

Training and Initialization Configurations. L20 models are trained using the Stochastic Gradi-
ent Descent (SGD) optimizer. For the L = 3 layer network configuration, parameters for the initial
two layers (I = 1,2) are initialized according to the methodology presented in Section B, while
parameters for the final layer (I = 3) are zero-initialized.



6.1 Training Performance

We evaluated the mean training loss in Equation (B) across all samples. Figure B4 illustrates this loss
at T = 100, benchmarked against the standard GD objective (black dashed line). The results demon-
strate that Math-L2O consistently achieves fast training convergence, corroborating the theoretical
linear convergence established in Theorem E3.

Further, we investigated the robustness of our proposed L20 method to variations in optimization
steps and learning rates (LRs). Models corresponding to different step/LR configurations are trained
for 400 epochs. Figure EH presents the training objectives for these configurations, benchmarked
against standard GD (black dashed line). In contrast to the instability observed for Math-L20 [22]
and LISTA-CPSS [7] under certain settings (Figure D), the consistent convergence across all tested
configurations in Figure BH demonstrates the robustness of our proposed L20 approach.

10° N ---- Gradient Descent LR:1le — 05
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_ <t Tl s :
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Figure 4: Training Loss of Our L20

Moreover, we evaluate the inference performance of our framework against baseline methods. Ex-
perimental results (in Appendix [C3) demonstrate the framework’s robustness to hyperparameters.

6.2 Ablation Study for Learning Rate 1 and Expansion Coefficient e

We conduct ablation studies to assess the impact of the LR 7, theoretically bounded in Equa-
tions (I3d) and (3H) (Theorem BE3), and the initialization coefficient e, defined in Section H. The
experimental configuration employs 7' = 20, input X € R32*32 output Y € R32*20_ and a neu-
ral network width of 1024. Performance is measured by the relative improvement of the proposed

L20 method over standard GD at iteration 7' = 20, calculated as Objf";& These studies further

validate Corollary LI, which establishes an inverse relationship between the viable LR 1 and the
coefficient e, implying that a larger e necessitates a smaller 7 to ensure convergence.

With the initialization coefficient fixed at e = 50, we evaluate the impact of varying the LR 7 on the
relative objective improvement. The results in Figure B4 demonstrate that while LRs such as 1074
and smaller achieve convergence, 7 = 1073 leads to unstable behavior or divergence. This finding
empirically supports the existence of an operational upper bound on the LR, consistent with the
theoretical constraints outlined in Equations (I[3d) and (I3H). Moreover, reducing the LR below this
stability threshold results in slower convergence rates. This observation aligns with the implication
of Theorem B3 that, under the specified conditions, larger permissible LRs yield faster convergence.

Fixing the LR at n = 107, we examine the influence of the initialization coefficient e on per-
formance. The results, presented in Figure BH, demonstrate that the relative objective improvement
consistently increases with larger values of e. Additional results exploring different e and LR combi-
nations are deferred to Appendix O owing to space constraints. These findings validate the proposed
strategies for selecting the initialization coefficient and learning rate.
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Figure 5: Ablation Studies of Improve Ratio to Learning Rate and Expansion Coefficient



7 Conclusion

This work analyzes a Learning-to-Optimize (L20) framework that accelerates Gradient Descent
(GD) through adaptive step-size learning. We theoretically prove that the L20 training enhances
GD’s convergence rate by linking network training bounds to GD’s performance. Leveraging Neural
Tangent Kernel (NTK) theory and over-parameterization via wide layers, we establish convergence
guarantees for the complete L20 system. A principled initialization strategy is introduced to satisfy
the theoretical requirements for these guarantees. Empirical results across various optimization
problems validate our theory and demonstrate substantial practical efficacy.
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A Appendix

A.1 Details for Definitions

General L20. Given X, we have the following L20 update with NN g to generate Xp:
Xe=Xi1 +gWi, Wa, ..., Wr, X4 1, VF(X;-1)),t € [T]. (14)

Concatenation of N Problems. For ¢ € [T, we make the following denotations to represent the
concatenation of N samples (each is a unique optimization problem):

M;
M:—[

X, and Y are still column vectors since we take the coordinate-wise setting from [22].

] KXo T e Y = Tl T
N

A.2 Derivative of General L20

In this section, we derive a general framework for any L20 models by the chain rule, which gives
us a complete workflow of each component in the derivatives within the chain. Then, we apply it to
the Math-L20 framework [27] to get the formulation for the L20 model defined in equation 8.

Due to chain rule, we have following general formulation of the derivative in L20 model:

OF(X7r) _ OF(Xr) OXr OXr_1 + Xy OGL .t
oW, ~—  0Xr 0Xr_1 OW, oGrp,: OWg )

We calculate each terms in the right-hand side (RHS) in the above formulation. First, we calculate
0X71_1
oW,

as:

OXr_1 _ OXp_1 0X1_o + OXr_1 O0Gp rT_1
oW, ~— O0Xt_o OW, (9GL,T_1 oW,

Thus, we can iteratively derive the gradient until X;. After arrangement, we have the following
complete formulation of ;—sz:

OF(Xr) _ 9F(Xr) (=T t+1 09X, \ 89X, 9GL.
6WgT - BXTT (thl(nj:T 8X_,»_1)8GL¢ c’)I/II;g ) (15)
We note that 6‘;},{’;1 relies on different implementations. For example, for general L20 model that
the update in each step is directly the output of neural networks (NNs), we have 8?()-(11 =1+ ggii .
Then, Equation (I3) is derived by:
OF _ OF(Xr) T t+1 G ; OXr OGL .+
28 = 98 (ST (TT5H(T + 9t )) B 000t ) (16)

gg;_’jl depends on specific implementation of NNs. Liu et al. [P2] simplify gg;_’jl by detaching

input tensor out of back-propagation process, which truncate the branches in the chain from F(Xr)

to Wy. The detaching operation yields more simple 8?()21 . As will be introduced in the following
0X;

> 9X; 1

sections

depends only on NN’s output.

Further, definition of ggf{ relies on different L20 frameworks as well. For example, in the general

L20 model, Z5-= := 1. In Math-L20 [22], Z5- is defined by the FISTA algorithm [4]. Next, we
conduct a layer-by-layer derivative for every g)c(ff

; 0G4
- and o

. . lerm )
First, we derive 9CL 1 s by:

oL, _ JVReLU(Gp_1)W, (e[L—1],
0Gr-1,t V20’(Gé7t)W€ t=L.
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For simplification, we use VReLU and V2o to represent derivatives VReLU(GL_1,) and

V20(Gy,t), respectively, which are corresponding diagonal matrices of coordinate-wise activation

. . . oG . .
function’ derivatives. Next, 3 XtLji is given by:

5 . 9G, o
okt = ([T peii) 5=t = Vaow, ([T;-, , VRLUW)[ILHT], (7

where H := M "M denotes the Hessian matrix of loss in Equation ().

OG L+

Second, R is given by:

G+ _ (Hf-‘rl 9G ;¢ >3Gl,f,

W, — J=L8G;_1 ./ W,
_ [ V2owr (it VReLUW))VReLU(T,, ® Ge-ni ') L€ [L—1], (18
N VQO'(ITLZ ® GL_l)tT) {= L,

where I,,, € R™*"™¢, ® denotes Kronecker Product, and I,,, ® Gg_LtT € Rrexmene—1,

Substituting Equation (IZ) and Equation (I[¥) into Equation (IA) yields following final derivative
formulation of general L20 model:

OF
oW,

OF (X T t+1 dGr ; \\ 8Xr OGr,
=280 (S (T (T + St )) 23x 200 ),

an,neﬂ ((X%TMT - YT)M
(S (T4 V20ur (ITi-, - V ReLUW)ILHT)) relL -1,
.
V2ow] ([T521_,VReLUW,)V ReLU(I,, ® Gg_LtT)))
.
K'rlz7n271 <(X”fl€1 MT - YT)M

(ZL (I+ V20w, (T2 ,_,V ReLUW,)[L,H]) " =1,

T
VQO'(IHZ X GL_LtT)))

(19)
where K,,, », , denotes a commutation matrix, which is a ny*n,_1 X ng * ny_; permutation matrix
that swaps rows and columns in the vectorization process.

A.3 Derivative of Coordinate-Wise Math-L20
Based on the results in Appendix B2, in this section, we construct the gradient formulations for
Math-L20 model. We present the results in Equation (B) and Equation (I).

As defined in equation B and equation B, Math-L20 [22] learns to choose hyperparameters of ex-
isting non-learning algorithms [22, 32]. Suppose P; € RV*? i € [0,...,T] is the hyperparameter
vector generated by NNs. Suppose X_; := X, based on Equation B, the solution update process
from initial step is defined by:

X1 = Xo - 3PL© VF(Xy),

Xy = X1 — 5P © VF(Xy), 0)

“ey

Xr=Xr_1— %PT O VF(Xr-1),
We use this formulation of L20 in the Appendix.

We re-use the definition in Section B that defines D(-) as the operator that constructs a diagonal
matrix from a vector, we calculate the following one-line and linear-like formulation of X7 with
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X()I
X =[l_p(I- iDEP)M ™M) X, + 13 .50 = 1D(POM T M)D(P)M Y. (21)

It is worth-noting that P; is generated by non-linear NN with the input about X;_;. Thus, it cannot
be formulated into the above linear dynamic system. Moreover, we note that the uncertain sub-
gradient can be replaced with gradient map for non-smooth problems to get similar formulations

[B2].

Due to the above computational graph in Figure [, the gradient of X; comes from X;_; and P,
which yields the following framework of each layer’s derivative (Equation (8)):

9F _ OF(Xr) t+1 90X, \90X; OP:
W, — aXT (Zt 1(Hj:T8Xj,1)8Pt oW, | (22)

We obtain the above equation by counting the number of formulations from F' to W,. From the Fig-

ure [, we conclude that each timestamp ¢ leads to the gradient of 8?(); T—. Thus, there are 1‘[75+ s d‘?{f -

blocks of formulation in total.

We start with deriving the formulation of gradient w.r.t. the GD algorithm, which yields the gradient

of gXT Due to the GD formulation in Equation (Z0), we derive 68 L as:

O\ PLOVF(X—
0X: _p 1 ( OV E (X 1))
9X;—1 4T B X1

1 18Pt®(MT(MXt -Y))
d— g OXi_1 ’ (23)

AP,O(MT(MX;_;-Y) 3
=I; — %D(Pt)MTM — 3 ( ap, ) 8()9(};71’

5
=Li - D(P)M'M — 5D(M" (MX,1 - Y)) 5"

0X¢ 1"
Next, we calculate aap t—. Similarly, we derive %‘gf”‘) and each %ﬁi’j) of Math-L20 layer-
by-layer. % in Math-L20 is similar to Equation (I¥). We calculate:
G =D([Po(1-P/2)I;® WL)HJ DLW, @G, (€[L-1],
381/1;1 == (PtG(l_Pt/Q))GL—l,t gZL
(24)
Similarly, we calculate the following derivative of output of Math-L20 to it input at step ¢:
g =D(P,© (1 - P/2))Wi([Tj—p_ Des W) LH']T. (25)
Substituting Equation (£3) into Equation (23) yields 06X t:
2X 1 T
<2t =1, — =D(P,)M' M
0Xt—1 B (26)

—ID(MT(MX, - Y))D(P,© (1 = Pi/2))Wr([T7—,_,DesWe)LH']"

We note that in [27], the gradient formulations are simplified in the implementation by detaching
the input feature from computational graph. Thus, we can eliminate the complicated last term in the
above formulation, which leads to the following compact version:

gt =14 — %D(Pt)MTM. (27)

In this paper, we take the gradient formulation in Equation (Z72).

Next, we calculate the g)l_i; component in Equation (Z2). We calculate derivative of GD’s output to

its input hyperparameter P (generated by NNs) as:

5h = —3D(VF(Xi)) = -

FD(MT(MX;_, —Y)), (28)

15



where VF(X;_1) := MT(MX,_; — Y) the first-order derivative of the objective in Equation [I.

Substituting Equation (24), Equation (I2), and Equation (PR) into Equation (Z2) yields the final
derivative of all layers’ parameters.

First, for ¢ = L, since there is no cumulative gradients of later layers, Equation @ is directly calcu-
lated by:

A == SN (MT(MXr - Y)) (T - 5D(P)M M)
D(MT(MX,—1 - Y))D(P,® (1 - P/2))Gr-1. -

And its transpose is given by:

661/1V?L = %ZtT:lGL—l,tD(Pt ©01- P,g/Q))D((MT(1\/[)(1571 _ y)))

(M= a1 — AMTMD(P)) )M (MX7 — Y).

(29)

When ¢ € [L — 1], the derivative is calculated by:
oF _9F(Xr) (T t+1 90X, \ 90X, OP,
owr — 6g(TT (thl (Hj:T aX_,»_l) OP; awe) ’
T
== 52 MT(MX7 - V) T([TjL71a — sMTMD(P))
D(MT(MX,—1 - Y)))D(P, ® (1 - P/2))
(I ® WL)H?:L_le,tId RWil,, ® Ge-1, '

Remark 1. The only difference between Equation () and Equation (B) lies in the last term, where
Equation (B) is more complicated due to the cumulated gradients from later layers.

The above two formulations are used in the next section to derive the gradient bound for each layer.

A4 Tools

In this section, before the bound constructions, we start to derive several tools for constructing the
convergence rate, which gives several important properties of the L20 models. In the following
sections, we use superscript k to denote the parameters and variables at training iteration & and use
subscript ; to denote the optimization step.

A.4.1 NN’s Outputs are Bounded

First, we demonstrate that the outputs and inner outputs of NN layers within the L20 model are
bounded.

Bound ||I - %D(Ptk)MTMHQ,Vk,t.
Lemma A.1. Suppose [MTM|s < 8 and 0 < PF < 2, we have the following bound:
[T-$D(PH MM, < 1. (30)

Proof. Suppose eigenvectors of M M are o; and v;, i € [1,..., N * d] respectively, we calculate:
ED(PF )M Mu; = ZD(PF)v;.
Due to 0 < PF < 2, we have following spectral norm definition:

xT( — lD(P’“)MTM)x
1 k T _ B t
||I — ED(Pt M M||2 = ggﬁ% oy g

Then, by taking z = v;, we calculate:
D
v (L= §D(PF )M M)v; =1 — o] D(Pf)M Mu; = 1 — G/ D(PF)v; <1,
where (D is due to 0 < Pf < 2. O
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Bound | D(P})||2, Yk, t.  Similar to the bound of || I— £ D(P})MTM]|,, Vk, ¢, due to the Sigmoid
function, we directly have:

Lemma A.2. Suppose 0 < PF < 2, we have the following bound:

ID(PF)]]2 < 2. (1)

Proof. Since D is the diagonalization operation and 0 < P} < 2, we directly have | D(PF)|> <
2. O

Besides, we can derive another bound from the Lipschitz property for the Sigmoid activation func-
tion:

T T T
ID(PF)]l2 =|120 (ReLU(ReLU([X{y, M (MX{y = Y)[WY ) WE_y )W) )l

(©) L—1

SSIXE L, MT(MXE ) = V)| ITZ (Wl + 1, (32)
@ IL—

SSUXF2 + IMTMXF = V) [)TTZ [WEl2 + 1.

D is from equation (17), Lemma 4.2 of [28]. @) is from triangle inequality.

Remark 2. Different from the Lipschitz continuous property of ReLU, the above bound implies that
the Sigmoid function prohibits us from obtaining numerical results only. To bound NN’s output to
achieve the convergence rate of GD, we need a more tight bound. A possible selection is the convex
cone defined by Wf for the last hidden layer. However, such cone invokes an unbounded space for
all learnable parameters.

Bound Semi-Smoothness of NN’s Output, i.e., |D(P}™!) — D(PF)||s, Vk,t.  Since our L20
model is a coordinate-wise model [22], suppose P; = (P, + (1 — a;)(PF), app € [0,1],
based on Mean Value Theorem, we have (D(P/*!) = D(PF)); = 5 ((Pf*1); — (PF),). Thus, we
bound || D(PFT!) — D(PF)]|2 by the following lemma:

Lemma A.3. Denote j € [L], for some 5\‘7 € R, we assume ||VV;€'H ll2 < 5\]3 Using quantities from
Equation (IIl), we have:

ID(PFTY) — D(P)]|2
LA+ P)IX = XF 11201 (33)
FAUXE 2+ IMT(MXF — Y)[2)0r S A HIWET — Wi ..

Remark 3. The above lemma shows the output of NN is a “mixed” Lipschitz continuous on input
feature and learnable parameters. The first term illustrates the Lipschitz property on input feature.
The second term can be regarded as a Lipschitz property on learnable parameters with a stable input
feature.
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Proof. Due to Mean Value Theorem, we have:

ID(PETY) — D(PP)|l2
= D(20(ReLU(- -- ReLU([X/H, M7 (MX ! — V)W)t Dyl

— D(20(ReLU(--- ReLU([X£ |, MT(MX[, ~ V)IWE ) W W)z,
<(20(P)(1 ~ 0(P)))max

| ReLU(- - ReLU([X 54, MT (MXFE! — y )W+t Ty okt Typpkst

—ReLU( - ReLU([X} 1, MT (MXf V)W) WE )W,
<3| ReLU(RLU(IX/H, M (MXF L — V)W)t et

—ReLU(ReLU([X} ,, M (MX}, — V)W) W )|,

21 RLU(-+ ReLU(IXF4, MT (M) — vt )it T

— ReLU(- -~ ReLU([X , MT(MXF, = V)IWE') - W)l IWEH I
+ 5| ReLU(- - ReLU([XS;, M (MX[, = V))WE_, o[ WfH = W],
Z1IReLU( - ReLU(IXE, MT (XS — vyt Tyt Tyt T

—ReLU(---ReLU([X} 1, M" (MX}, V)W) Wf )
I MT(MXE = V)] oIS MW E — WL,

WE 3 loAr
I RELU(- - ReLU(LX L, MT (XA — )l T
~ReLU(-- ReLU([X} 1, M (MX}, ~ V)W) Wh ) lwAroihs
X MTMXS = V)] oI N IWE — WL,
+AXE L, MTMXF = V)T AW = W 2,
DL ReLU(- - ReLU (X[, MT (M — y) w1 Ty wptd )
~ReLU(-+ ReLU([X} {, M (MX}, ~ V)W) Wh ) lwAroihs
I MT(MXE = V)]0 AL IWEY — Wh + AL W = W [l),
S MT(MXE - Y)) = (X, MT(MXE | — V)]0,

L ~—
LI MTMXE = V)20 (S5 A IWEH - W),
%(1 + ﬁ)”thjll - th—1||2®L

L Y-
LU+ IMT(MXE = V)00 (S AT IWE = W),

(D is due to triangle and Cauchy Schwarz inequalities, where we make a upper bound relaxation from
oo-norm to 2-norm. () is due to 1-Lipschitz property of ReLU and max([|Wr T o, [[WFl2) <
Ar in the definition. ) is due to triangle and Cauchy Schwarz inequalities as well. We make a

arrangement in @) and eliminate inductions in - - -. In ). we make another upper bound relaxation
from co-norm to 2-norm. (©) is due to triangle inequality, the definition of Frobenius norm, and
|IMTM]||» < L of objective’s L-smooth property. O

Semi-Smoothness of Inner Output of NN, i.e., Bound || G§, — G} |2, ¢ € [L — 1], Va, b, 1.
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Lemma A.4. Denote { € [L — 1], for some Ny € R, we assume max(||[Wg| 2, [[W¢|l2) < Ae. Using
quantities from Equation (Il), we have:

a a b 4 N
||Gé7t - Gz,t‘b S(l + /B)HXt—l - X£—1||2Hj:1)‘j
L X VA a
+ (Xl + IMT(MXP ) = Y) [Ty A ey A5 WS = W22

Proof. Since the bounding target in Lemma A= is a degenerated version of that in Lemma BA73.
Similar to the proof of Lemma BT, we calculate:

1GE, — G3, Iz
=[ ReLU(ReLU([X{ |, M (MX{ | — Y)W ') WgtT)
~ReLU(ReLU([X}_,, M (MX}, — V)W) WP )2,
<X, MT(MXE = Y)] = [XP M (MXP, = Y)][2]T5-1 A
X MT(MXP = Y)][[2T Ty Ay e AT W = WP,
<+ BIXE, = X oIT5
+ (IX2 2+ IMT(MXY ) = V) )T A e AT IWE = W

Bound NN’s Inner Output G¥,, [ = [L — 1], Vk, t.

It

Lemma A.5. Denote ¢ € [L — 1], for some Ay € R, we assume |W[}|2 < A Using quantities
from Equation (Il), we have:

IGE ll2 < (1 +B) Xoll2 + (2t — 1+ 252) IMTY o) [To_y As-

Proof.

T T
IGF ¢ll2 =l ReLU(ReLU([X 1, MT(MX[ ) = Y)]WF )Wy )2,

G

<IXE L MTMXE | = V)] Tem, [[WE 2,

2U0XE s + [MT(MXE, — V) )Ty [ o,

201+ 8)Xolla + (20D 1) MY ) [Ty [WE
<((1+ B Xoll + (2t =1+ Z52) MY [2) [Ti_s A

@D is from equation (17), Lemma 4.2 of [2R]. @) is from triangle inequality. () is due to definition
of B-smoothness of objective and upper bound of || X}||2 in Lemma B&. O

A.4.2 Outputs of L20 are Bounded

Next, we establish bounds for the Math-L20’s outputs. Leveraging the momentum-free setting,
we formulate the dynamics from X, to X; as a semi-linear system, where parameters are non-
linearly generated by the NN block (see Figure [[d). Application of the Cauchy-Schwarz and triangle
inequalities to this system yields the following explicit bound.

Lemma A.6 (Bound on Math-L20 Output). For any training iteration k, the t-th output X} of
Math-120 (as per Equation (B)) is bounded by: || X[F||2 < || Xo|l2 + %”MTYHQ.
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Proof. We calculate the upper bound based on the one-line formulation from X in Equation ().

XK

=|| T (= S DM X0 + 5500 T (- AD(PHMTM)D(PM Y|
@

<[ m @ dpEhmT x|+ [l - oMM pEE MY |

@
<y 1= spehmT ™| )Xoz
s+1
ﬁZs IH Bl

2)xolla + E2 e IMTY 2 = [ Xoll2 + 3 IMTY |2,

I— 4D(PHM M| [ID(PE) |2 MY 2,

where (D is from the triangle inequality, @) is due to Cauchy Schwarz inequalities, and @) is due to
Lemma AT and Lemma B, O

This lemma demonstrates that Math-L20 outputs remain bounded independently of the training
iteration k and the specific learnable parameters.

A.4.3 L20 is Semi-Smooth to Its Parameters

In this section, we regard L20O model defined in Equation () and corresponding neural network
are functions with input as learnable parameters. We prove that the functions are semi-smooth w.r.t.
the different parameters. This is the foundation of proving the convergence of gradient descent
algorithm since the algorithm leads to two adjacent parameters.

First, we give the following explicit formulation of P:

PF = 20(WE ReLUW[_; (--- ReLUWF X |, MT(MX}, = Y)]T)--))) T,

— 26(ReLU(- - ReLU([X},, M (MX}, — Y)JW,) - Wh_, )W),

Moreover, we present ReLU activation function with signal matrices defined in Section . We denote
-k as the entry-wise product to the matrices, which is also equivalent to reshape a matrix to a vector
then product a diagonal signal matrix and reshape back afterward.

Pf =20(WiDy1 g Wi_y (- Di-x WF[X{ , MT(MX2, = Y)]T)-- )T,
T
=20((---- (X MT(MXyy = Y)W ) -k Dy )WE_y -k DoaWE).

Proof for Lemma B2. We demonstrate the semi-smoothness of Math-L20’s output, i.e., bound
X = X2, VE, t

Proof. Different from [Z¥], Xé?“ and X% are outputs of a NN with different inputs. We cannot
direct write down a subtraction between two linear-like NNs, using quantities from Equation (I),
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we choose to make up such subtractions by upper bound relaxation of norm and calculate that:
X = X7l
=[] X{H - SDEHH (MT(MX - Y)) — (X7, — 3DE)(MT(MXE; —Y)],,
_H( LD(PFMTM) X[ — (1= LD(PMT M) X
+ 3P —DPEMTY |
)
= (1= 3prFMT™) - (1= SophMT™) |1,
2
+ [T SDEHMTM]| [XE - XE o + SIMTY o[ D) = D(PE) e,
&)
<D = DRI | XE |2 + X5 = X3yl + 5 IMTY [ DR = D(PS) 2,

) .

<IDPFH) = DPY)ll2(1Xol2 + 252 MY [l2) + [ X = X7 [l2
+ 3 IMTY [l [ DR — D(P’“)Ilz,

=(I| Xoll2 + 25 MY [)ID(PFFY) = DPF) 2 + [ X = X3 l2,

IN®

(1Xoll2 + 25 MY )
(%(1 + X - X0
LOXEl + IMT(MXE = V) [2)00 0 A7 W = W)

+ ||Xf_+f - Xl
= (14 (1Xoll2 + 2 MY |) 20, )1 XIH! = XE 2,
+ L1 Xolla + 25 MY 5)

(X 5 IMTOOXE, — )0, S 37 WA — 9,
L (T (1 (1 Xoll2 + 25 MY ) 20y ))

(1Xoll> + 25 MTY ) ((1+ B)| Xolls + (25 — 1+ 252) M TYo)

As

®
<

L ~—
9L2£:1)‘e 1||WekJrl - Wek”z,

where (D) is from triangle inequality. (2 is from Lemma B&=8. Q) is due to inductive summation to
t = 1. @ is due to the semi-smoothness of NN’s output in Lemma BT. () is from induction.

Remark 4. We note that the above upper bound relaxation is non-loose. Current existing approaches
derive semi-smoothness in terms of NN functions, where parameters matrices are linearly applied
and activation functions are Lipschitz continuous. However, in our setting under [27], the sigmoid

activation is not Lipschitz continuous. Moreover, the input that is utilized to generate X tkH is from
X tk_"’ll, which is not identical to the X _; for generating X} ;.

A.4.4 Gradients are Bounded

In this section, we derive bound for the gradient of each layer’s parameter at the given iteration k.

Proof for Lemma &1 We demonstrate that the gradients of Math-L20’s each layer are bounded.
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Proof. For { = L, we calculate the gradient on Wf (Equation (@)):

Iz .
4|2 (T v - v)) T

(I I - 3D(PHMTM)D(M T (MXf, - Y))D(PF @ (1 - Pf/2))GE_,,

T
Jj=T

)
2

ING

S IMT(MXF = V) oI15 | (1 - $D)MTM)|
IDMT(MXE - Y>>||2||D(Pf © (1= PH/2) [2lGE il

1
B

IN®
=

U IIVXE — VI3 (MM o+ [MTY ) IGE 4,

IN®
~

ZIMXE — V(oI TE o A, (1 + B)lIXoll2 + (2t — 1+ 252) [MTY||2)

(|X0||2+ 2L MY [|a),

%HMX% _YH2H£:1 )‘fztzl
(1+B)lIXoll3 + (4t = 3)(1 + 1) + 1) [ Xo||2 [ MY + ETLECTDFCET=2) vy 3,

Ay

MHMXT Ya,

where (D is from triangle and Cauchy-Schwarz inequalities. (@) is from the bound of “p” i
Lemma BT, Q) is from the bound of L20 model’s output in Lemma B8 and inner outputs in
Lemma B3S.

For ¢ € [L — 1], we calculate gradient on Wek (Equation (B)) at iteration k by:

|
:H - thzl(MT(Mw —Y) (541, — sMTMD(P)))

DM'(MX} |, —Y))D(Pf o (1 - PF/2)) (1@ W})

T

H?J:rlLle?,tId ® ij:[ne ® G?ﬂ,t ‘

)
2

ING

IS IMT(MXE = V) LT T — AMTMD(P)[|o[D(MT (MXF | —Y)) |2
ID(PF @ (1= PF/2)) (Ta® W) 2| T, Dh L © WLy, 0 GEy, |

2’
PIMXE — Yl g I 2320 (IMTMXE |z + MY [[2)|GE_y |2,

B IMXE = Y LT Ay
27T -1 2T -1 27T -2
(1+ B Xoll3 + (4t = 3)(1 + 1) + 1) | Xo |2 [MTY [l + ELDECTDECET2) v Ty |12,

Ay

(S} |/\®

=YPOL G\ 7| MXF. — Y|,

@D is from triangle and Cauchy-Schwarz inequalities. Inequality (@) is from bounds of “p” in
Lemma AT and we make a rearrangement in it. In inequality (2), we use norm’s triangle inequality
of dot product and Kronecker product, bounds of NN’s inner output in Lemma A, and we calcu-
late TTF_y L IWF |2 = T, (W [l2 * TIEZL[WF |2 We reuse the result in the proof for the last
layer’s gradient upper bound for case ¢ = L in equality ) to get the final result. O

A.5 Bound Linear Convergence Rate

Now we are able to substitute the above formulation into three bounding targets in Equation (B2)
and bound them one-by-one.
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Proof. We start to prove the Theorem B3 by proving the following lemma.

Lemma A.7.

Umln(GL 1 T) > aO’ re [ka]v (34)

{||We||2<>\e’ telLl, relo.k,
F(W]) < (1 — nan 2807 F(IW), 7 € [0, ).

Remark 5. The first inequality means that there exists a scalar A, that upper bounds each layer’s
learnable parameter. The second inequality means that the last inner output is lower bounded. The
last inequality is the linear rate of training.

A.5.1 Induction Part 1: NN’s Parameter and the Last Inner Output are Bounded

For k = 0, Equation (B4)) degenerates and holds by nature. Assume Equation (B4) holds up to
iteration k, we aim to prove it still holds for iteration k& 4 1. We calculate:

o)
k k <
Wt = Wllz <30 IW T = Wel2

D <k oF
o Z_OIWE 2

_nzé 0 B2L Sy 7| MXF — Y|,

—77 QAZLS T b 0(1*77477 64)8/2||MXT Y2,

where (D) is due to triangle inequality. (@) is due to definition of gradient descent. () is due the
gradient is upperly bounded in Lemma Bl and our assumption that ||[W/ ||s < A, £ € [L],Vr €
[0, k]. @ is due to the linear rate in our induction assumption.

Define u := /1 — 7)47)2—‘264, we calculate the sum of geometric sequence by:

NYEB2L Sy Ykt IMXY — Y|p =n¥B2E 8y 115 | MXD — Y|,

O 1 feL 2\ 1—
_4 53 SA ( U)
77/3254

_Y”Qv

/\@

1 —
B2 2X¢
nt 04

*Y”Qv

ING

B0, 1 (VB Xoll + (27 + DIV ),
4n 3504
B

@
Scfv

where (D) is due to 1 — u? = 77477?—(354. @ isdueto 0 < u < 1. B is due to NN’s output’s
bound in Lemma B6. @ is due to the lower bound of singular value of last inner output layer in
Equation (Zd).

Due to Weyl’s inequality [277], we have:

[WE 2 < [WRl2 + Ce = Ao
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Next, we bound G+ . by calculating:

k
GLo = Grorll

D L-173
S(l + ﬁ)HX;“tll - ngl H2Hj:1 )‘J

L—-1y L—1y—
+ (I 2+ IMTMXG_y = Y) )T A A W = WP,

@)
<(1+ B8)2([ Xoll2 + ZF2 MY [])TT;= %
+<||X%,1||2+||MT(MXT,1— V)T N S A W = W2,
3 o ; ) L
S0+ 30 S (T2 (1 + ”"@ﬂ ))As S A W = WE LTS
5T—1

+ (IXP_ il + IMT(MXG = V) )T S A A W = W2le,
(35)
where (D) is due to the semi-smoothness of NN’s inner output in Lemma B=. ) is due to the triangle
inequality. ) is due to semi-smoothness of L20 in Lemma E72.

Further, based on the inner results in the former demonstration for || W, ™ — W |5, we have:

S W S Wil < 6125 VBOL S 7| MXG — V.
1752 4

Substituting above result back into Equation (B3) yields:

k
IGT 7 = G rlle

<(1+8)2(|Xoll2 + ZF2 MY )T A

+ (1 X2l + IMTMXG_ = V) [T A S A Y025 S r [MX = Y|,
477?354

@
S——(1+ B)G (VB Xoll2 + (2T + 1)V |l2) Sar 1174 i A Y4

4715254

+2(1+ B) (| Xoll2 + ZF2 MY 1) T Ay
@
< (1+ B)G2 (VBIXollz + T + DY [l2) Sa r TS A S ry Ay P2

4”74

B

+i0¢0,
©)
S%QOa

(36)

where (D) is due to NN’s output’s bound in Lemma B8 and ) and Q) are due to the other lower
bound for minimal singular value of NN’s inner output in Equation (IZd) and Equation (IZd). The

inequality in Equation (B8) implies amin(Glztll) > %ao since i (G _ 1) = ap.

Based on the above two inequalities, we prove the last linear rate step-by-step in the following
sub-section.

A.5.2 Induction Part 2: Linear Convergence

In this section, we aim to prove that F'([W]k+1) < (1 — ndn g% et 06, TLE(IW]0).
Step 1: Split Perfect Square Leveraging term MXX, we can split the perfect square in objective
F([W1]F+1) as

F(W)EY) = F(W)R) + gIIMXZT = MXE(3 + MXET - MX5) T (MX7 ~Y).  (37)

24



Based on [27], we aim to demonstrate that F'([W]¥*1) can be upperly bounded by c; F'([W]F),
where ¢, < 1 1is a coefficient related to training iteration k.

Step 2: Bound Term-by-Term We aim to upperly bound all terms in Equation (B2) by F([W]*).

Bound the first term %HMX;H — MXZ%||3. First, based on the 3-smoothness of objective F,
we calculate

LIMXER - MXE(R =1 (i - XE) TMTM(XEH - Xk,
<LIXET — XE(3IMTM)2,
<BxEF - X3

The above inequality shows that we need to bound the distance between outputs of two iterations.
Moreover, since our target is to construct linear convergence rate, we need to find the upper bound
of above inequality w.r.t. the objective F([W]¥), i.e., 2| MXX — Y[|3. We apply Lemma B2 to
derive the following lemma.

Lemma A.8. Denote { € [L), for some Ny € R, we assume max(|[W, |z, HWé ll2) < Ag, VE.
Using quantities from Equation (IIl), we further define the following quantities with i, € [T]

Ai =(1+ B)|Xol13 + ((4i = 3)(1 + %) + 1) [ Xoll2|[ M Y|l
+ (21’—1)(,8(21'(3—21)-%(21'—2)) HMTY||§7

O = Xoll2 + 2= MY,
61" =(ZL (i 0+ H20,0) (Z500s) )-

We have the following upperly bounding property:
2 2 2 _ 2
LM - MXE|3 < SE 07 (Sar) (03I A?) 3IMXE ~ Y2 (38)

Proof. We calculate:
SIMXE — MXE[5 < 51X — XE[3,

2
2(23 (I 1+ 202 ));As@ngL_lAﬁan“—We’w) :

)

2
D 4,2 X
< (Zf_l(H] e (L H2008)) ) JA 0,0 A 450 (SA,T)lMx%—m) ,

ING

O (1 (T 52000)) 000

2
= ( (C (T (4 S2000) AL ) (Sa,r )O3 07, 07 M — Y||2> ,
61T

2 2 2 — o\2
TEOT)? (Sar) (03100 ?) HIMXE = Y2,

(39)
D is from semi-smoothness of L20’s output in Lemma B2, Appendix BZ3. () is due to gradient
descent with learning rate 7. (3 is from gradient bounds in Lemma B O

Bound the second term (M X5 — MXE)T(MXE —Y). We calculate:
(MXES - M) T(MXE - V)
=(X7p = X7) TMT(MX7 - Y), (40)
(T X T (MXE V).
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Inspired by the method in [27], we stabilize all other learnable parameters and concentrate on gradi-
ent on last layers W, to construct a non-singular NTK, which invokes the PL-condition for a linear
convergence rate.

Given last NN layer’s learnable parameter Wi’”l at iteration k£ + 1, due to the GD formulation in
Equation (20), we define the following quantity:

Z=Xfp_ = +DRo(WHGE_ ) MT(MXE_, —Y), (41)

where G’Z_l o represents inner output of layer L — 1 at training iteration k.

With Z, we reformulate Equation (B0) as:

(X7 = X5) ™M (MXF - Y),
=Xt~ Z+ 7 - XE)TMT(MXE - Y), (42)
=(X5 = Z2)™™MT(MXF —Y) + (Z - X§)TMT(MX} - V),

where X%t at training iteration & + 1 with WF*! and solution X% at training iteration k with W}
are defined as:

Xy = X35 = $DRe(WL T GLE 7) )M (MX ) - Y).

Xk = XE, — 1Do(WEGE 1) )MT(MXE | — V).

Then, we have following lemmas to bound the two terms, respectively:

Lemma AY9. Denote { ¢ [L], for some X\j,€ R with j € [T], we assume
max(||[Wy o, [[WE2) < Ao Define the following quantities with t € [T):

Ap =(1+ B) | Xoll3 + ((4t = 3)(1 + %) + 1) | Xoll2[[MTY |2
+ (2T—1)(ﬁ(2TB;1)+(2T—2)) ||MTY||§,

®; =[ Xoll2 + 2=M Y5,
O =0y,

62 =12 (T (1 + 5520..95) ) A
We have the following upperly bounding property:

(X7 = 2)TMT(MXF ) < 51 (Ap + 62)07 S5 1.Sa,r5 [ MXF — Y]J5.

Proof. We straightforwardly apply upper bound relaxation in this part, where we reuse the results
of the first term |[MLX 5! — MX%|3’s upper bound in Lemma A&R.

To reuse the results, we would like to construct the X, ;?fll - X %71 term. We substitute Equation (&4)
into above equation and use the Cauchy-Schwarz inequality for vectors to split our bounding targets
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into two parts and relax the L,-norm of vector summations into each element by triangle inequalities:
(XEH — Z)TMT (MXS — V)
(x5 - éD@o(Wf“G’ztﬁ,T)T)MT<MX§¢11 -Y)

T
— (Xb_y = §DEeWETGE 1) MT (MXE_, - Y))) MT(MXE - V),
@
(] rfD@o(Wk“G’z*ﬁT) IMTM) X
— (La— 1Do(WET ) )T)l\/ITl\/I)Xé,lH2

+ 3] (PeotvEn6ht )T - DEo(VEGE ) MY

Crt1

M (MXE Y]],
2( - peotwirias s MM - x| 43)
(- pesvE ) M)
— (L= Do (WEGE ) IMTM) ) Xh_

+1CAMTY 2 ) IMTMX - V)],

(©)
= (||~ speowEGEs MM X - XE

+ 14 Coia M M| X5 Iz + 31Cksalla MY 2 ) [MT (MXE = V)]l
@
< (IXE2S = XE o + X5 2/l Gl + IMTY 2| Cgalz ) IMT (MXE = ¥)]l2,
©]
< (154 = X5y ll2 + (IXoll2 + 2ZZ [MTY|l2) [ Crpa 2 ) IMT (MXE = Y)lle,

where (D is due to triangle and Cauchy-Schwarz inequalities. () is due to triangle inequality. )
is due to Cauchy-Schwarz inequality. @) is due to 3-smooth definition that MTM < 3 and ||I5 —

IDRe(WH G )T )M M| < 1in Lemma B @) is due to the upper bound of X7 in
Lemma A-G.

Further, we bound Cj41 = D(20(Wf+1G]ztﬁ7T)T) DQ2o(WiHah | T)T). We apply the
Mean Value Theorem and assume a point v{. For v}’s each entry (v});, for some of, € [0,1], w
calculate (vF); as:

(0); =at, (WG 1) )i+ (L= af J(WEH Gy ) e
Then, we can represent quantity ||Ck1]|2 by:
IDRo(WEHGER #)T) = PRo(WETGE 1 1) D)2
2|25 0 WEHGE WG )T
24 ovran, —wiras
SHWE LGS 1~ Gy rlh < BAIGE 1~ Gyl

where (D) is from the Mean Value Theorem. (2) is from the gradient upper bound of Sigmoid function.
@ is from triangle inequality and definition of learnable parameter Wi,.
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We further substitute the upper bound of ||G’ZJ£IIT — GE717T|\2 in Lemma [A~4 and calculate:

MG 7 = GEoirl2

L—-1y L—-15y—
- (\\X%_lllz - HMT(Mxéi_l ~ V)L AT W = W)

11+ B)OLl X — X5l
_ L—1~v—
+ %((1 +B)| Xoll2 + (2T — 1 + QTT?)IIMTYIIz)@LZg:M HWE — W2

where (D) is due to upper bound of X _; in Lemma BA.
Substituting the above inequality back into Equation (E3) yields:

(XE - Z2)TMT (MXE —Y)
< (15 = X5 ll2 + (IXolla + 2L [MTY|]2) [ Crpa 2 ) IMT (MXE = V)2,
<(1xtt - Xt e
+ (1 Xoll2 + 2L IMTY )
(30 +morlXit - x|
+ 5 (14 B)IXoll2 + (27 — 1+ 25 2>|MTY||2)@L25_‘11A21We’““—We’“llg))
IMT(MXE = Y))2,
~((+ 0l + Z MY ) XL - Xl
+ (3 + BIXKolls + (2T = 1+ Z2) MY )
(1ol + 22 [MTY ) 0r SE WL - W) )
IMT(MXE = Y))2,

=(<1 + 120, ([ Xoll2 + ZZ MY [l2)) | X5 — X5 [lo+
P
(3 L+ BIXoIE + ((4T = 3)(1 + 5) + 1)1 Xo oMY o + CECCTZDEET20 N Ty |2 )

Ar

L—-17— .
0L LA WA Wek|2) IMT(MXE — V),

=((1+ 5520,20) X5 — XE_y b + SArO LA W — W)
IMT (VX V),
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Further, we apply semi-smoothness of L20 model in Lemma EZ1 and upper bound of gradient in
Lemma Bl to derive the upper bound. We calculate:

(XA - Z2)TMT (MXE —Y)

((1+ 1+/3@ LO7) | Xk+1 XE_ o + IAT@LZ 1||ng+1 —ng||2>

M7 (VX — V)]l

20+ B2 oren) bou ST (1 1+ 520,8) )AL A WEH — WE
+ ArOLY AT W = W) IMT(MXE - V),

< (é@L S (I (14 520005) ) A S A W — W

02

T IArOL S WA - anz) IMT(MXE — V)]l

=301 (BT IWET = WE 2 + (Ar + 02) 5 A IWEH = WL ) IMT (MXE — V)|,

) L -
<3OL(Ar +02) 3, AT W — Wl [MT(MXG = V)2,

where (D) is due to Lemma B2, 2) is due to A > 0.

Further, based on the gradient descent, i.e., Wf“ = VVZ"C -7 8‘35“ we substitute the bound of
14
gradient in Lemma Bl and calculate:

(X531 - Z)TMT(MX:'F -Y)
<TOL(AT + 02) Yy Ay HIWET — WE o MT (MXE — V)]s,
<300(Ar + 8) S A |8

M (VX — )|,

2OL(Ar +02)52 5 Ay YE2E S 2 [MXF = Y[ |MT(MXF = Y)|le,

IN® NG

F(Ar +02)01 83 LSa 15 [MXE - Y|,
where (D) is due to Lemma BT and @) is due to | M |2 < /8. O

Lemma A.10. Define the following quantities with t € [T):

Ae =(1+ B)[I1Xoll3 + (4t = 3)(1 + 5) + 1) [ Xo|l2MTY|2
n (2T—1)(ﬁ(2T6;1)+(2T—2)) MY 2,

®; = Xoll2 + MY ||,
®L :®L7
83 =((1+ B)lIXoll2 + (2T — 1+ 22) MY [12).

We have the following upperly bounding property:
(Z - XE)TMT(MX% —Y)
<(~ m80(8501)2(1 — 0(0:01))* fraf + O Ary I A ) HIMXE - Y3,

Proof. In our above demonstrations, we have construct a non-negative coefficient of the upper bound
w.r.t. the objective % ||MX% — Y'||2. To achieve the requirement of the linear convergence rate, we
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would like a negative one from our remaining bounding target. We calculate:
(Z - XE)T™™MT(MX} -Y)
—(Xh_, — ADRo(WEF G 1)) (MT(MXF_, — 1))

— (Xb_1 - 4DEo(WEG] ) )(MT(MX§_1—Y))))TMT(MXéi—Y), (44)

LMT(MXS, - Y) ' DRo(WEGE )T —20(WEGE_, 1)T)
(M (MXE_, -~ Y)).

Similarly, due to Mean Value Theorem, suppose v§ ; = a; (W} GE _y 1)i+(1—0u)(WEGE _ 1),
02 ; €10, 1], based on Mean Value Theorem, we calculate:

(20 (vE )
(WkHGL lT) —20(W;GE_ lT)T_ﬁ(WkJrlGL 11)i — (WEGT - 11)i-

[a@a(vé@))

Denote v5 ; := O

], we calculate:

D(20(W Gy 1) —20(WEGE 1 1)")

=D ([ 2 (W Gy )i~ WEGE 1 200)] ),
([2o(eh 1~ o@hWE ~WhEh 1] ).

=D ([20(05,)(1 ~ o (3 D) D((WE = WHGE 1))

©—iD(120(05) (1~ o (5D (25 Chrr ),

where v§; := a;(WF ™ GY_y )i + (1 — );(WFG%_, )i is an interior point between the corre-

sponding entries of Wf“G’fﬁl’T and WEGH 7—1,7- @ is from gradient descent formulation of WF
in Equation (2).

Substituting above into Equation (B4) yields:
(Z-Xp) M (MX} —Y)
=2 (M7 (MXE_, — ) D(20(0,) (1 — o (5] ) D35 Gy )T (MT(MXE - V),
_Z a?/[ljkG 1,TD([2U(U§,1‘)(1 - U(Ug,i))]T)D(MT(MXTq - Y)) (M (MX7 - Y))a

Further, we substitute the gradient formulation in Equation (i) and calculate:
(Z - XE)T™MT(MX} -Y)
== BYL (M (MXy - V) (T - D(P)MT™)
D(M'T(MX,—1 —Y))D(P, o (1—P/2)Gro1: G5 _y r (45)
D(([20(0%,)(1 — o(v§,)] ) D(MT(MXE_, - V) (MT(MXE - V),
=— MX; -Y) ' MBiM' (MX} - Y),
where BY. is defined by:
BY;
=3 (21— AD(PHMTM)D(M T (MXf | - Y))D(PF o (1 - Pf/2))G .,
GL—l,TD(DU(U]zC,i)(l - U(U;z‘))]T)D(MT(MX%—l - Y))

T

We discuss the definite property of B case-by-case.
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Casel:t=T. 1‘[?;’:}1 - %D(Pj)MTM degenerates to be 1. The Equation (E3) becomes:
[(Z = X5) "M (MXF = Y)lpur1

= - HMX;-Y)'™™M
DM (MK, — 7))
D(P; © (1 - Pr/2) (46)
Ghir' Gioar
D([20(v5,;)(1 — o (v5:)]")
D(MT(MX}_, —¥))MT (MX} - V),

We first present the following corollary to show that there exists a negative upper bound of [(Z —
X%)TMT (MXéc“ - Y)]Parl 1

Corollary A.11. RHS of Equation (&8) < 0 if Anin(G%_y 7 G%_, 1) > 0.

Proof. Due to definition of eigenvalue and Cauchy-Schwarz inequality, we calculate:

(MX% -Y)'™™M

D(M" (MX}_, ~ 1)

T
D(P$ o1- PQIE/Q))G]ZA,T G]ZA,TD([QU(Ug,i)(l - U(“;,i))]-r>
D(MT(MX}_, - V)M (MX} - V),
>(Pr o (1= PF/2)) 0 (20(05,) (1 = o (03))]7) i
T
/\Inin(Glz—l,T Glz—l,T)Amin(MMT)HMT(MXéC“ - Y)H%,

VO

0,

. o o . T
where (D is due to Sigmoid function is non-negative, Amin(G5_,, Gj_; ;) > 0. and

Amin(MMT) > 0 by definition. Thus, (Z — X%)"M"(MXZ% — Y) < 0 by nature. ()i, means
the minimal value among all entries. O

To get a upper bound, we expect G§_, - G¥ _| 1 to be positive definition, in which we require
nr—1 > N. Thus, we can easily get the upper bound from its minimal eigenvalue.

Based on corollary Corollary A—TT, we calculate the negative lower bound of Equation (E8) by:
(Z - X5)"™MT(MX45 - Y)
<— 2 (Pro (- PE/2) 0 (20(ws,) (1= o3 )] ) i (47)
T
)‘min(Glz—l,T C’Y]jg—l,T)/\min(NH\/IT)”NIT (Mxéc“ - Y)||%7

The remaining task is to calculate (P} © (1 — Pf/2)) . and ([20(v5,;)(1 —o(v5,)]") . . We
achieve that by calculating the values on the boundary of close sets.

First, denote v§ := WG _, ., we represent Pj: © (1 — PJ/2) by:
PE® (1 - PE/2) = 20(08)T © (1 - o(u})) .
Since the Sigmoid function is a coordinate-wise non-decreasing function, we can straightforwardly

find ([20(v5,;)(1 — a(vé’i))]T)min and (20(v5)T ® (1 — o(v5)) T ) min by on the closed sets of v§
and v, respectively, which is achieved by the following lemma.
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Lemma A.12. For some b, B € R¥U, ok b < oF < B, we calculate (20(v*)T © (1—0(v*)) T ) min
by:

min (20(b)(1 — (b)) ",20(B)(1 —o(B))") —b# B,

(QU(Uk)T ® (1 — O’(Uk))—r)min = {20’(3)(1 _ O'(B)) b= B.

Proof. Since o(x) € (0,1)Vz, D(20(x) ® (1 — o(x))) is a quadratic function w.r.t. z. Since
o(x) € (0,1)Va, D(20(z) ® (1 — o(x))) > 0. Since the coefficient before the 22 term is negative,
its lower bound is either the value on the boundary or 0.

Since o (b),0(B) € (0,1), if —b # B, the lower bound is the smaller one, i.e., min(20(b) ® (1 —
a(b)),20(B)® (1 —0(B))). Otherwise, since both o(x) and D(20(x) ® (1 —o(x))) are symmetric
around 3, we have 20(B) ® (1 — o(B)) = 20(b) ® (1 — o(b)). O

Further, we calculate the bounds of v5 and v} and invoke Lemma B2 to get ([20(v5,;)(1 —
(W5 ))]") iy and (20(05) T © (1= 0(v5)) " min.
We present the following two lemmas to show the close sets that v§ and v% belong to.

Lemma A.13. Denote { € [L], for some Ay € R, we assume |W[||2 < Ao We define the following
quantity:
03 = ((1+B)[| Xoll2 + (2T — 1 + 222) IMTY ),
O = M-
For vk, = Oéi(Wf—HG]Z,LT)i + (1= ) (WEGE _y )i i € [0,1], v belongs to the following

close set:
vy € [~0307,0301).

Proof. We calculate v5’s upper bound by:
[v5]loc =l ® (W GL_y 7)) + (1 =) © (WEGE 1 1) oo

:mlax ||ai(Wf+1G’Z_1,T)i +(1- ai)(W}fG]Z—l,T)iHoo:

@

<max oW Gy pillee + (1= an) [(WEGE 1 p)illocs

o (48)
< maxmax(|(W 7 GE i p)illoe, (WEGE 1 r)illee),

k
= max(mane | (WG 1)illoos max [ (WEGE ., )il ),
< max(”Wf"‘lG’z_l,THm, HWfG]Z—l,THoo)a

where (D) is due to triangle inequality and @) is due to «; € [0, 1] and upper bound of NN’s inner
output in Lemma A™S.

We calculate the bound of ||W£+1G’Z_LT||2 by:

, O
IWEFGE 1 rlloo SIWETHI2IGL 1 2,

@_ 4=
AL((L+ B) [ Xoll2 + (27 — 1+ ZL=2) MY [|) T2 A,
= ((1+B)[IXoll2 + (2T — 14 2L2) M"Y ||2) [T;2, A,

d3 Or

where (D) is due to Cauchy-Schwarz inequality and (2) is due to definition and upper bound of NN’s
inner output in Lemma B™S. Similarly, we can get ||W£+1G’Z_LT||2 < 6307.

'R* means the space at training iteration k.
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Substituting back to Equation (ES) yields:

05 loe < 85001

Thus, we have the following bound for vector v5 by nature:
—(53@L S 1)5 § 536L

It is note-worthing that the above lower bound is non-trivial since we cannot have v§ > 0, which
can be easily violated by a little perturbation from gradient descent.

O

Lemma A.14. Denote { € [L], for some Ay € R, we assume |W[||2 < \. We define the following
quantity:
05 = ((1+ B)lIXoll2 + (27 = 1+ ZF2)IMTY|2),

Or = Hezl ¢

For v} := WfG’E?LT, Vk, v} belongs to the following close set:

c [—53@L, 63@L]

Proof. We prove the lemma by a similar method. We calculate the bound of [W; G _; 1|2 by:
Vgl =IWEGE 1 7]l
< Iwlalch —1rlles
(14 )| Xolla + (27 — 1+ 222) MY )T A,
= (14 B)1Xoll2 + (27 — 1+ 22 IMTY |l2) [T,Zy ey
—

43 Or

where (D is due to Cauchy-Schwarz inequality and (@) is due to definition and upper bound of NN’s
inner output in Lemma BA™S.

We have the following bound for v% by nature:

—(53@L S 'U§ § 536L'

O
We calculate ([20(v5;)(1 —o(v5,;))]") . by substituting Lemma ET3 into Lemma BET2:
([20(v5)(1 = 0 (3))]") s, = 20(8301)(1 = 7(8301)).
Similarly, we get (Pf © (1 — PJ/2)) by substituting Lemma B4 into Lemma B2
(Pr®(1—Pp/2) . =20(330L)(1 — 0(630L)).
Substituting the above results into Equation (&2) and Equation (B8) yields:
[(Z = X7) "MT(MXF = Y)]purt
<= (PO A= PF/2) (20005 ) (1 = 0(v3)]T) i
/\min(G -1,T GL 1T) mln( )HMT(MX%_ )”37
< - %4‘7(53@L) (1—-0(5501))* m1n<GL 1,T GL 1, T))\mm(MMT)HMT(MXT V)3,
o By 21 2
< —180(0301)*(1 — 0(3301))* Fag 5 IMXF — Y3,
(49)

where (D) is from definition.
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Case 2: t <T. We derive the upper bound of above term by Cauchy-Schwarz inequality:
[(Z = X7) "M (MXF — Y)lparc2

— Xt - V) T™M(ZI5 (5T - 5D(P)MT™)
D(MT(MX} |~ Y))D(PF o (1 - PF/2)G5 1, G5 i r
D(([20(0%,)(1 — o(0§,)] ) D(MT(MXE_, — V) )MT(MXS - ),

S|y (- DM ™)
DM'(MX}, —Y))D(Pf o (1-PF/2)G}_1, GL LT
D(20(v5,)(1 — o(v§ )] ) D(MT(MXE_, — V) | IMMT |l [MXE - V3,
#S (T - gpeEhMrm |
ID(PF o <1 — PF/2) I211G% 1 4l12l1 Gy 2l D20 (05, (1 — o (w5 )] T) 2
ID(MT (X Y))IIzHD(MT(MXh — ) |2 IMMT o [MXE — V3,
245 ND(PE © (1 - PE/2) 2 (20(wh ) (1 = o )2

DM (MX — ))HQHD(MT(MXT—l - ))HzIIMXé‘i - Y3,

I/\@

LG oGy 2 DM (MXE = Y) |2 [D(MT (MXF_; = Y)) |2
IMXE - Y3,
Z(B(1Xoll2 + ZIMTY [l2) + IMTY [2)1G%_y 12
SIIGE 281Xl + ZMTY [l2) + MY [l2) [MX] — V3,
< B Xoll2 + ZF2MTY [l2) + [IMTY [l2) (1 + 8)[[ Xol2 + (27 — 1+ Z=2) MY )
| S i ((1+6 I Xoll2 + (2 = 1+ 252) IMTY|2)
I1:2 f JB(IXollz + ZZ2MTY [l2) + MY [[2) [MXF — V3,

where (D) is due to Cauchy-Schwarz inequality. It note-worthing that (I) is non-trivial since B%fl is
non-necessarily to be positive definite. (2) is due to upper bound of NN’s output in Lemma BT. (3)
is due to the Sigmoid function is bounded.

| A\

Further, due to the definition of the quantities, we calculate:
[(Z = X7) "M (MXF —Y)]par2

<7
(1 + B Xoll3 + (4T = 3)(1 + 1) + 1) | Xoll2[M Y| + ELUECTDEET=D) v Ty |2
Ar
T—1
t=1
(1 + B Xoll3 + (42— 3)(1 + L) + 1) | Xo|2[MTY [ + CEECTDECET2) v Ty 12)
Ay

07 _1|IMX7 — Y3,
=07 Ary S A IMXE - Y3,
(50)
Combining the two parts in Equation (89) and Equation (80) yields:
(Z - XEyT™MT(MX% - Y)

(%03 ArSIS A — 180(6501) (1 - 0(8501)) Shad ) S IMXE — V|3
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O

Using quantities from Equation ([T, substituting the upper bounds in Lemma A™8, Lemma A9, and
Lemma [ATT0 into Equation (82), we calculate:

F(W]EH)
=F(W]*) + HMXE - MXK|3 + (MXET — M) T (MX) - v),
2 2 2 — \2
SFGW]’“) + ST (Sar) (O121A2) IMXE — Yo

(A7 + 62)03 S5 Sa,r s [MXE - Y3
— 180 (501)*(1 — 0(8301))* 2 + %@%_MTZ?:AJ%HMX% ~ Y3,

4
- \M‘E

Dr(W]) + 5 57 (Sar) (0355A) W)
+ BL(Ar + 62)07 S5 1 SarF (W)

+ (= m80(8:00)%(1 - 0(0:01))* Shad + WOL_ Ar SIS A ) F(WT),

(+

Cé)(1 +nB(Ar + 02)Sp 703 S5 1 + B OF_ ArSIL Ay — 18 (8301)2(1 - 7(0501))* had)
F(W1"),

2(1 —n(80(6501)*(1 — 0(53@1:))2%‘204(2) — B(A7 + 62)SA, 7O S5 1 — §®%71ATZ;F:_11At))
F(W1"),

h

TP (Sar) (OISEAN) + B +8)S, 10355 1

1107 A IA, — 80(550,)2(1 — 0(5;01)) 3a3)F<[W1’“>,

21— 140(5301) (1 - 7(6,01))* had ) F(W]"),

4?7%54

where (D) is due to the definition of objective. (2 is due to upper bound of learning rate in Equa-
tion (33@) and 6,7 = d, + ZJT=1AJ‘ in definition. () is due to the lower bound of the least eigenvalue
ap in Equation (IZH).

Due to learning rate’s upper bound in Equation (I3H), we know 0 < 1 — 77477 Ve (54 < 1, which yields
the following linear rate by nature:

F(W*) < (1488, F(W]°).

B Details for Initialization

B.1 Preliminary
To begin with, we define the following quantities:
—2 -2
5s = a((QT — 14 22 ||MTY||2®L) (1 —o((27 - 1+ 252) ||MTY||2@L)) ,
6 = o (25 (1~ AMTM)T MY M7 (M(STHI - AMTM)T'MTY) - V),

07 = Omin(Xi—y (T— sMTM)TH),
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Analysis for the numerical stalibilty of J5. &5 is a function with A, which is also enlarge w.r.t.
el. In general, it is possible to push o(l— cr((2T —1+4 2L~ 2) IMTY||2©1)) to zero and let RHS

of above inequality to be oo when el — co. As presented in the lemma, we claim that the required e
is not necessarily to be co. Thus, d5 can be regarded as a O(el'~!) < oo constant. In the following
proofs, we demonstrate that it holds since e is finite.

We calculate the following exact formulations of the quantities defined in Theorem BE=3:

Ar =(1+ B) || Xoll3 + ((4T = 3)(1 + 5) + 1) [ Xo[2 MY |2
+ (2T71)([3(27[;1)+(2T72)) HMTY”ga

A IMTY 3T + (A X o MY - S MTY )T (51
(14 B)IXol3 - 2+ )1 Xoll2 MY |12 + ZE2IMTY |,

Dap+1 4 2
SAS MY 37° - 25O MY 3T + S MY |3,
where (D) is due to Xy = 0 and

T T .
Cimihi =X (14 B)1 X015 + (41 = 3)(1+ 5) + 1) [ Xol2[MTY |l
+ (2171)(5(2;1)“2#2)) ||MTYH§

=AMV 37% + (2D X oMY o — HIMTY[E) T2 (s

+ (1 + AKXl = FIXoll2IMTY [l — GHHIMTY [3) T

QUG IMTY 3T — L IMTY37% — S5 MY |3,

where (D) is due to Xy = 0.

Then, we analyze the expansion of omin(G%_LT) w.r.t. [W]r = e[W]L. Due to the one line form
equation of L20O model in Equation (1l), we have o’min(G%_LT) is calculated by:

T T
Urnln(GL 1 T) = Umin(ReLU(ReLU([X%—lv MT(MX%—l - Y)]Wlo ) ’WLO—l ))v

where due to Equation (Z1), X9 _, is given by:

X9y =[i—p_,(I= EDPOIM M) X + £35S T, (1= 5D(POM ™M)D(P))M Y,
Q- IMTM) X + 53 I - AMTM) T M Y,

1 T:1(

1 T T—t T
21 ~IMTM)T My,

(53)
where (D) is due to P, = 0(0) = I since W, = 0. The result shows that X$_, is unrelated to [W],
with W, = 0. @) is due to Xy = 0.
Further, for t € [T, denote the angel between X ; and M"(MX? ; — Y) as 6;_;, we have
sin(f;—1) € (0,1), setting [W], = e[W]y, we calculate 0,,in (G _; ) by:

~ T T
O'rnin(G%—l,T) :Urnin(ReLU(ReLU([X%—la M’ (MX% 1 )]eWIO )"'EWLO—l ))7

>Umin<[X% 1|MT(MX% 1~ )])Hz 1‘7mm eWe)

HX% 1” HMT(MXT 1_Y)||251H(9T 1) L—1
=T XD o+ M (MX0_, V)2 (=1 Tmin (W), (54)

o sin(0r_1) L—1 0
= - T [T=1 omin(eWy),
X7 _ M2 T IMT(MXZ._, —Y)ll2

>51n(9T 1)1_[@ 1O'm1n(W(9)®L||X%—1”2'
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Based on the definition of X$_, in Equation (83), we calculate following bound:

5111 0 _ L—
Tunin (G 1 ) 2= | ST = IMTM)T MY (o] T ovmin (W),
sin(Op— T— _
>7<g 2 ganin (3 (L= SMTM)T ) [MTY 2™ T2 omin (W),

o7
(55)
where X% is a constant related to problem definition.

Substituting Equation (83), we calculate a more tight lower bound of || X% _ ||2 by:
1
18l = F S Ty (= S DM M D(PMTY ||

EHMTyllzomm< T (= SD(POMTM)D(PY) ),
(56)

VG
|

SIMTY 2527 o (T (T = 3D(PMTM) ) 01min(D(PY),
> L IMTY o5 (T 10min (T = SD(PYMTM) ) orin(D(PY)),

where (D is due to all matrices in the summation are positive semi-definite by definition.

We calculate lower bound for oin (I — 5D(P))M M) by:

Fanin (T~ ED(POYMTM) 21 — L0750 (D20 (eWEGY _, ))M M)
>1 — 20’((53@[,)(1 - 0(63@L)) Umdx(eWLGL 1,s ) 57)
04

It is easy to verify that the above equation equal to 1 when e — +o00 and it decreases with e. Also,
a large e ensures the RHS of above inequality to be positive.

Similarly, we calculate lower bound for o, (PP) by:
Omin (D(PL)) Snin (20(eWPGS_y ),
Q. o
= min (522 (WG 1)),
©) ~
>2540min (eng% 1 t)7

(58)
>2546||WL||20'111111(GL 1 t)

>20 1,04 [ T¢_y | WP [|20min (X7, [MT (MX]_, = Y)]),
©)
>20 03] [y [WP |2 sin(6r 1) [ X7 |12

where (D) means we apply the expansion here. (2) is due to Mean Value Theorem and v, denotes a
inner point between 0 and eW?GY | ;.. @) is due to Lemma BET2 and Lemma BT4. @) is due to
Wg is a vector in definition. ) is similar to the workflow in Equation (84).

Substituting Equation (82) and Equation (B8) back into Equation (Bf) yields:
1X0 2 >4 MY 232720 L84 TTE W ll20min (X0, M7 (MX0_, — V))),
-1 L .
> 2 IMTY (202 316l Ty WP |2 sin(0s-1) | XE_1 [,

Similarly, we can get the following lower bound of || X}, ||:

L .
X112 = ZIMTY (120252021 6T Ty W 2 sin(6i—1)1X0_y o,

Based on the above results, we calculate the €2 of | X% | ||2 as in terms of 7" and O, as:
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IX9_1lle > QOLY L OLY 10352, - X5) = (7 3).

T-2 terms
Substituting back into Equation (B4) yields:
Umin(égfl’T) — Q(eL—le(T—Q)(L—l)) — Q(e(T—l)(L—l)). (59)

B.2 Proof of Lemma 51
Proof. Making up the lower bounding relationship with Equation (83) and Equation (Bd) yields:
"M 1287 [ T2 omin(WF) 28(1+ B) ([ Xoll2 + 252 MY |l2),
=52 (2T ~ 2)HMTY||2,
which yields:

> T g (W) AT 2)

B.3 Proof of Lemma B4

We apply a similar workflow to prove Lemma B4

Proof. With Xy = 0, we find the upper bound of the RHS of Equation (IZd) by substituting the
quantity ds:

%5 (\[||X0|2+ 2T + 1)[|Y]]2) C2Sa, 7O L 1(25 1%)

2
QUL 5 (/B Xollz + (2T + DY []2) ¢

(AL MY 378 - & IMTY IR - S MY 3T)0r 1 (S, %),
QUL 55 |[Y oM7Y [[5 (2T — 2)(27 +1) (60)

(AL IMTY 37° - & IMTY BT - S IMTY3T) 0, (Sh, ).

©)
ST 5 |y |, [MT Y3

(16([3 + 1T — (88 +20)T* — 6(28 4+ 1)T° +2(8 + 4)T% +2(8 + 1)T) Le7 4,
where (D is due to Equation (82) and definition of quantity §1T*1 in Theorem B3. (@ is due to
Xo=0.Qisdueto A\, =1land A\p > 1,£ € [L —1].
Making up the lower bounding relationship with Equation (83) and Equation (B0) yields:

3
— L—
(F IMTY 67 T o (W)

> 2 LB 6 |V [lo | MY BLITES (107l + 1)° (61)

(16(6 F1)T5 — (88 +20)T — 6(28 + 1)T3 + 2(8 + 4)T2 + 2(3 + 1)T),
which yields:

e> L—§/02,55 (16(6 +1)T° — (88 +20)T* — 6(28 + 1)T% +2(8 + 4)T2 + 2(8 + 1)T)-

where C3 5, denotes the é'gfﬂ(‘ssrég,HYHQLH L(|[WPll2 +1)2 Hf 110mm(Wg )~3 term.

Similarly, the finite RHS of above inequality ensures 65 < co. O
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B.4 Proof of Lemma B2

Proof. Using quantities from Equation (), with Xy = 0, we find the upper bound of the RHS of
Equation (IZH) by substituting the quantity d5:

Z205(— 101107 (Z15' ) + O3Sy (A1 + 62)Sa7)

@ g3 4(B+1
© gt — 301 (U5EAIMTY BT - S35 IMTYIRT + 2 MY R)

(UG MY (T - 1)° — &IMTYI3T - 1) — SR IMTY BT - 1)

+ 0155, ((SHIMTYIBT? - S IMTY T + S2IMTYR)

+ X (M 1+ 527 - DO IMTY |2))

(A5E2IMTY 1B - S35 IMTY s + S IMTYE) )

(M MY 3T — &MY 3T ég;nMTynsT)),

<O(2L=2T5 4 2L=4T5 | 2L- 4TGZ9 ; 52H] s+13€ -1y,
= (TL-T+2L—43T+6),

(62)
where (D is due to Equation (§2) and definition of quantity 6?‘1 in Theorem B3. () is due to
Xo=0.Qisdueto A\ =land \p > 1,£ € [L —1].

Making up the lower bounding relationship with Equation (8Y) and Equation (&) yields:
(Q(e(Tfl)(Lfl)))2 > O(GTL7T+2L74T3T+G),

which yields:
3T+6
e = Q(TTL-T-4L+6),

B.5 Proof of Lemma E3
Proof. Using quantities from Equation (Il), with X, = 0, we find the upper bound of the RHS of
Equation (IZd) by substituting the quantity Js:
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where (D) is due to A\p > 1,/ € [L — 1] and A\;, = 1. ) is due to Equation (§2).

We analyze the two sides of the above inequality when [W];, = e[W], to demonstrate a sufficient
lower bound of e to ensure Equation (B3) holds.

39



If (W] = e[W]p, since e > 1, Equation (B3) is upperly bounded by:
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(64)

If RHS (lower bound) of Equation (B3) greater than the RBS (upper bound) of above result, lower
bound condition for minimal singular value in Equation (B3) sufficiently holds, which yields:

2
(= IMTY 07T min (W) )

Sel—18 \/B(55Y2||MTy|%<8(B+1)T4 n (4(5+1) _ %)T?’ _ (6*12 +2[3+1)T2 _ ?“T)

88336 342 3p2 3p2
L-1
1 (W22 + 1),
which yields:

e> L\1/01,55 <8(5§”T4 + (A2 —2)e - (14228 )72 - Q“T),

where C 5, denotes the %55 (Y (|22 (W2 |2+ 1) TTE S omin (W) ~2 term, which is a “con-

stant” w.r.t. 5.

In the end, it is trivial to evaluate that the RHS of above d5 is finite with such e. ]

C Additional Experimental Results

In this section, we present detailed experimental settings and corresponding results. We define prob-
lems at three distinct scales, as described in Appendix C1l. The smaller scale is utilized for ablation
studies (Section B2), whereas the larger scales is adopted for training experiments (Section b1l and
Appendix ) and inference experiments (Appendix C3).

C.1 Configurations for Different Experiments

Details of the three experimental configurations are presented in Table 0. Scale 1 involves a DNN
trained with input X € R32X32 and output Y € R32*%25 featuring an (L — 1)-th layer dimension
of 1024. Scale 2 utilizes input X € R19*512 and output Y € R0*490 with the (L — 1)-th layer
dimension established at 5120. Scale 3 employs input X € R2048x512 and output Y € R2048x400,
This configuration is designed as an under-parameterized system, with an (L —1)-th layer dimension
of 5120, specifically to evaluate the robustness of our proposed L20 framework.

Table 1: Configurations with Different Scales
Index d b Dimension of L — 1 Layer’s Output Training Samples

1 32 25 1024 32
2 512 400 5120 10
3 512 400 20 2048

C.2 Additional Training Experiments

For these experiments, the Scale 3 configuration is utilized. Both baseline state-of-the-art (SOTA)
methods and our proposed L20 framework are trained for 2000 epochs using a learning rate of
0.001. However, the inherent model construction and training scheme of a prominent SOTA method,
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LISTA-CPSS [[7], diverge considerably from the requirements of our problem. Direct application of
its original settings to our scenario results in over-fitting and poor training convergence, indicating
a lack of robustness for this specific application. The following discussion elaborates on these
incompatibilities and the modifications undertaken.

The original LISTA-CPSS framework possesses two key characteristics pertinent to this discussion.
First, regarding its model construction, LISTA-CPSS addresses inverse problems by formulating a
learnable Least Absolute Shrinkage and Selection Operator (LASSO) problem, wherein it learns
a scalar coefficient for the L; regularization term []]. However, our objective in Equation (I) is
quadratic. Second, its training protocol is supervised, utilizing an Lo loss against pre-generated opti-
mal solutions, and employs a layer-wise training scheme. In this scheme, one layer is progressively
added to the set of trainable parameters per training iteration, and these parameters are updated us-
ing four back-propagation (BP) steps [[Z]. To adapt LISTA-CPSS for our purposes, we modify both
its model architecture and original training scheme to enable unsupervised optimization of our loss
function (defined in Equation (1)) and to better align with our established training configuration.

First, to demonstrate the challenges of applying LISTA-CPSS’s original training paradigm to un-
supervised quadratic objectives, we evaluate a minimally adapted version. This version is trained
unsupervisedly by defining the loss as the objective function value from the final optimization step.
Given our quadratic loss in Equation (I), any model components in LISTA-CPSS specifically de-
signed for non-quadratic terms are not directly applicable. Moreover, a critical aspect of the publicly
available LISTA-CPSS implementation is its initialization of the neural network (NN) with a fixed
matrix M. This initialization inherently restricts the trained model’s utility to problems featuring
this identical, predetermined M.

We train this minimally adapted LISTA-CPSS variant for 50 epochs (corresponding to 20000 BPs
due to its layer-wise updates) using the Adam optimizer® on a dataset of 2048 randomly generated
samples. The loss function defined in Equation (B) is evaluated at an optimization step of 7" = 100.
The experimental results, depicted in Figure B, reveal that this configuration leads to severe over-
fitting on the training samples. Specifically, Figure Bd illustrates the convergence of the objective
function (at T = 100) as a function of the training iteration k. Concurrently, Figure BE displays
the mean objective value across 100 optimization steps during inference. These results indicate
that while LISTA-CPSS achieves rapid convergence on the training data (which used a fixed M),
its performance degrades catastrophically (i.e., fails to generalize) when evaluated with a different
matrix, M’, during inference.
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Figure 6: Training Loss and Inference Trajectory of LISTA-CPSS [] with Fixed M

Informed by the above observation, a more robust approach is achieved through the random initial-
ization of LISTA-CPSS. Specifically, weights are sampled from a standard Gaussian distribution
and subsequently scaled by a factor of ﬁ to mitigate potential numerical overflow in cumulative
products. The LISTA-CPSS model is then trained using this initialization strategy.

For our proposed L.20 framework, the expansion coefficient e is set to 100. As detailed in Scale 3 in
Table [, we implement an under-parameterized system wherein the dimension of the (L —1)-th layer
is configured to 20. This implementation intentionally deviates from the theoretical requirements
stipulated by our proposed theorems, which necessitate that the dimension of the (L — 1)-th layer
must be larger than the input dimension. This particular experiment is conducted to demonstrate the

2QOur preliminary experiments indicates that SGD fails to converge with LISTA-CPSS’s original layer-wise
training scheme.
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robustness of the proposed L20 framework, especially under such conditions that depart from our
established theoretical framework.

The training losses of LISTA-CPSS and our proposed L20 framework are depicted in Figure [, with
the performance of non-learnable gradient descent (indicated by a horizontal line in the figure) serv-
ing as a baseline. Under scenarios with varied M configurations, LISTA-CPSS exhibits markedly
slower convergence compared to both our proposed L20 framework and the gradient descent base-
line. Moreover, the fast convergence observed for our L20 framework underscores the robustness
and efficacy of its proposed initialization strategy, particularly when applied to under-parameterized
models.
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Figure 7: Training Losses with Varied M

C.3 Inference Experiment

Beyond analyzing training outcomes, we extend our evaluation to the robustness of the proposed
L20 framework by assessing its performance in inference-stage optimization. This involves com-
paring the convergence characteristics of L20 against the Adam optimizer [9] and standard gradient
descent (GD). It should be noted that while our theorems provide convergence guarantees for the
training phase, such guarantees do not explicitly extend to this inference optimization context. For
this empirical investigation, both our L20 framework and the Adam optimizer are executed across
a range of hyperparameter settings for 3000 iterations (longer than 100 iterations in training), and
their respective objective function trajectories are plotted as a function of the iteration count.

Adam utilizes momentum to accelerate gradient descent. In addition to the learning rate n, Adam
employs two crucial hyperparameters, 3; and /2, which control the exponential moving averages
of past gradients and their squared magnitudes, respectively. For the Adam optimizer in our exper-
iments, we set the learning rate n = % (B-smoothness of objective) and explored hyper-parameters

b1 €40.1,0.3,...,0.9} and 35 € {0.95,0.955,...,1.0}.
Regarding our proposed L20 framework and consistent with the initialization strategy detailed

in Section B, we selected a large expansion coefficient e = 100 to enhance training stability. The
L20 model is then trained with learning rates 7 chosen from the set {1073,1074,...,1077}.

As illustrated in Figure B, we present the objective trajectory over 3000 optimization steps, where
each point is a mean value of 30 randomly generated problems’ objectives. While the objective func-
tion initially exhibits rapid decay, the Adam optimizer fails to maintain this convergence, ultimately
settling at sub-optimal values and not converging on average. In contrast, our proposed framework
demonstrates superior performance compared to the Gradient Descent (GD) algorithm and exhibits
robustness across various learning rates.

C.4 Corollary in Ablation Study
Corollary C.1 (LR’s upper bound w.r.t. e).
n =0T~ N O T N O(es"NT=5 ) O(e-TE2EATHT=3T-6) [ O(T2),
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C.5 Additional Ablation Study for Learning Rates

We present two additional ablation study with e of 25 and 100. Both use the configuration 1 in Ta-
ble @M. The results are in Figure B, which shows a deterministic relationship between LR and expan-
sion coefficient. For ¢ = 25 in Figure B4, the 10~7 LR is too small and leads to worse optimality.
The large LRs, i.e., 10*3, 10—, causes unstable convergence. Similarly, for e = 100 in Figure BH, a
proper LR is 1074,

X 05 X 05
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Figure 9: Additional Ablation Studies of Learning Rate with Different e.

C.6 Additional Ablation Study for Expansion Coefficient e in Initialization

We present two additional ablation study for e with learning rates of 0.001 and 0.00001. Both use
the configuration 1 in Table [I. The results are in Figure 0. For a large LR, a large e may cause poor
convergence due to Theorem BE3. From Figure 4, e = 25 is a proper setting for best convergence
with = 0.001. Similarly, for n = 0.00001, e = 5 is enough.

D Discussion

Scope of Theoretical Guarantees. Our theoretical analysis establishes convergence guarantees
and demonstrates superior convergence rates specifically for over-parameterized Math-L20 systems
compared to baseline optimization algorithms. While we acknowledge the empirical effectiveness of
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certain under-parameterized Math-L20 systems [22, B7], providing theoretical convergence proofs
for them remains challenging due to the inherent non-convexity of the underlying neural network
training. Alternative theoretical approaches, such as convex dualization [I6, 17, 9], have been
explored. However, these methods typically necessitate the inclusion of regularization terms within
the loss function, which may deviate from the original optimization objective we aim to solve.

Choice of Base Algorithm. Our framework utilizes Gradient Descent (GD) as the core algorithm
primarily because it admits a direct analytical formulation relating the initial point X to the it-
erate Xr. This tractability is crucial for our analysis. In contrast, accelerated variants like Nes-
terov Accelerated Gradient Descent (NAG) [4] generally lack such closed-form expressions for Xr.
This absence significantly complicates the derivation of the output bounds required to analyze the
L20 system’s dynamics and prove convergence guarantees. Consequently, rigorously extending
our current theoretical framework to momentum-based methods, despite attempts using inductive
approaches, remains an open challenge.

E Impact Statement

This paper presents work whose goal is to advance the field of Learning Theory and its combination
with optimization. There are many potential societal consequences of our work, none which we feel
must be specifically highlighted here.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification: See Section .
Guidelines:

e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

e It is fine to include aspirational goals as motivation as long as it is clear that these
goals are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: See Appendix D.
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means
that the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The au-
thors should reflect on how these assumptions might be violated in practice and what
the implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

» The authors should reflect on the factors that influence the performance of the ap-
proach. For example, a facial recognition algorithm may perform poorly when image
resolution is low or images are taken in low lighting. Or a speech-to-text system might
not be used reliably to provide closed captions for online lectures because it fails to
handle technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to ad-
dress problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: See Appendix Al
Guidelines:

* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theo-
rems.

» The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a
short proof sketch to provide intuition.

¢ Inversely, any informal proof provided in the core of the paper should be comple-
mented by formal proofs provided in appendix or supplemental material.

e Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main
experimental results of the paper to the extent that it affects the main claims and/or conclu-
sions of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification: See Section B and Appendix Al
Guidelines:

* The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps
taken to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture
fully might suffice, or if the contribution is a specific model and empirical evaluation,
it may be necessary to either make it possible for others to replicate the model with
the same dataset, or provide access to the model. In general. releasing code and data
is often one good way to accomplish this, but reproducibility can also be provided via
detailed instructions for how to replicate the results, access to a hosted model (e.g., in
the case of a large language model), releasing of a model checkpoint, or other means
that are appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all sub-

missions to provide some reasonable avenue for reproducibility, which may depend

on the nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear
how to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to re-
produce the model (e.g., with an open-source dataset or instructions for how to
construct the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case au-
thors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer:
Justification: If accepted, we will open source the codes.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not
be possible, so No is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

¢ The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: See Section B and Appendix &
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of
detail that is necessary to appreciate the results and make sense of them.

¢ The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropri-
ate information about the statistical significance of the experiments?

Answer: [Yes]
Justification: See Section B and Appendix A
Guidelines:

» The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.
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* Itis OK to report 1-sigma error bars, but one should state it. The authors should prefer-
ably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis of
Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: See Section B.
Guidelines:

» The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

 The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments
that didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: See Appendix B.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification: See Appendix BE.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact spe-
cific groups), privacy considerations, and security considerations.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
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generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitiga-
tion strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: See Appendix B.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by re-
quiring that users adhere to usage guidelines or restrictions to access the model or
implementing safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: [NA|
Guidelines:
» The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the pack-
age should be provided. For popular datasets, paperswithcode.com/datasets has
curated licenses for some datasets. Their licensing guide can help determine the li-
cense of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documenta-
tion provided alongside the assets?
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Answer: [NA]
Justification: [NA]
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

 The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can
either create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and research with human subjects

15.

16.

Question: For crowdsourcing experiments and research with human subjects, does the pa-
per include the full text of instructions given to participants and screenshots, if applicable,
as well as details about compensation (if any)?

Answer: [NA]
Justification: [NA]
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.

* Including this information in the supplemental material is fine, but if the main contri-
bution of the paper involves human subjects, then as much detail as possible should
be included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, cura-
tion, or other labor should be paid at least the minimum wage in the country of the
data collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: [NA]
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research

with human subjects.

* Depending on the country in which research is conducted, IRB approval (or equiva-
lent) may be required for any human subjects research. If you obtained IRB approval,
you should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity
(if applicable), such as the institution conducting the review.

Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
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Justification: [NA]
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLN)
for what should or should not be described.
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